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Abstract
In this paper, we study the perturbative aspects of the half-twisted variant of Witten’s
topological A-model on a complex orbifold X/G, where G is an isometry group of X . The
objective is to furnish a purely physical interpretation of the mathematical theory of the
Chiral de Rham complex on orbifolds recently constructed by Frenkel and Szczesny in [1].
In turn, one can obtain a novel understanding of the holomorphic (twisted) N = 2 supercon-
formal structure underlying the untwisted and twisted sectors of the quantum sigma model,
purely in terms of an obstruction (or a lack thereof) to a global definition of the relevant
physical operators which correspond to G-invariant sections of the sheaf of Chiral de Rham
complex on X . Explicit examples are provided to help illustrate this connection, and com-
parisons with their non-orbifold counterparts are also made in an aim to better understand
the action of the G-orbifolding on the original half-twisted sigma model on X .
∗E-mail: g0306155@nus.edu.sg
1. Introduction
The theory of the Chiral de Rham complex or CDR for short, is a fairly well-developed
subject in the mathematical literature. It aims to provide a rigorous mathematical con-
struction of conformal field theories in two-dimensions without resorting to mathematically
non-rigorous methods such as the path integral. The sheaf of CDR is a specialisation of a
general sheaf of chiral differential operators, and it was first introduced and studied in two
seminal papers by Malikov et al. [2, 3]. Since its inception, the sheaf of CDR has found in-
teresting applications in various fields of geometry and representation theory, namely mirror
symmetry [4], and the study of elliptic genera [5, 6, 7, 8].
Previous efforts to provide an explicit interpretation of the theory of CDR in terms of the
physical model it is supposed to describe, has been undertaken in [9, 10]. In [9], it is argued
that on a Calabi-Yau manifoldX , the mathematical theory of the CDR can be identified with
the infinite-volume limit of a half-twisted variant of the topological A-model. On the other
hand, a different and more general approach was taken in [10], whereby a twisted version
of the perturbative (0, 2) heterotic sigma model is first considered and described using the
general theory of chiral differential operators, where at the (2, 2) locus, the interpretation
of the theory of CDR in terms of the half-twisted A-model on an arbitrary (not necessarily
Calabi-Yau) smooth manifold is made manifest. Part of the results in [10] hence serve as an
alternative verification and generalisation of the specific findings established earlier in [9].
The sheaf of CDR, as constructed by Malikov et al. in [2, 3], is defined over a smooth
complex variety. However, this construction was recently extended by Frenkel and Szczesny
in [1] to allow for a definition over singular orbifolds. Moreover, further evidence of the phys-
ical relevance of this extended construction comes from the fact that one can demonstrate a
mathematical equivalence between the expressions of the orbifold elliptic genus and a genus
one partition function [1].
In this paper, we will continue the program in [10] to study, in pertubation theory, the
half-twisted A-model on an orbifold. The main aim is to seek a purely physical interpretation
of the above-described mathematical construction of the sheaf of CDR over orbifolds. In
turn, we hope to obtain some novel insights into the physics via a reinterpretation of some
established mathematical results.
A Brief Summary and Plan of the Paper
A brief summary and plan of the paper is as follows. First, in Section 2, we will discuss
some important and relevant features of the half-twisted A-model on a smooth manifold X .
In particular, we will discuss its holomorphic chiral algebra and holomorphic N = 2 (twisted)
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superconformal structure.
In Section 3, we will review the general construction of orbifold sigma models. We
will quickly specialise our discussion to the half-twisted model on a general orbifold X/G,
where the action of the finite group G is an isometry of X . We will explain the additional
features that one might expect to observe due to an orbifolding procedure of including twisted
sectors and projecting onto G-invariant operators in defining the model on X/G instead of
X . We will also discuss the holomorphic N = 2 (twisted) superconformal structure which
also underlies the twisted sector.
In Section 4, we will introduce the notion of a sheaf of perturbative observables. This
will in turn allow us to describe the physical operators of the chiral algebra as elements in
the appropriate G-invariant Cech cohomology groups. Thereafter, we will furnish a local
description of the sigma model on X in terms of a free bc-βγ system. We also describe how
the local symmetries of the free bc-βγ system can be used to ‘glue’ the local descriptions
together to furnish a global description of the sigma model on X so that we can ultimately
study the sigma model on X/G. It is at this juncture that the interpretation of the orbifold
sigma model in terms of the theory of the CDR over an orbifold of [1] is made clear.
In Section 5, we consider an example on the non-Calabi-Yau orbifold CP1/ZK . Via
this example, we will be able to obtain a novel understanding of the broken, holomorphic
N = 2 (twisted) superconformal structure underlying the untwisted and twisted sectors of
the quantum sigma model, purely in terms of an obstruction to a global definition of the
stress tensors and their worldsheet superpartners which correspond to ZK-invariant local
sections of the sheaves of CDR on CP1. By considering an example on a ZK orbifold of the
flat (S3 × S1) manifold, one can also understand, the restoration of the N = 2 (twisted)
superconformal structure in quantum perturbation theory, purely as a vanishing obstruction
to the above-mentioned global definition of operators in both sectors. We will also make
various comparisons with the results obtained in [10] involving the half-twisted A-model on
CP
1 and S3 × S1 respectively.
Beyond Perturbation Theory
Instanton effects may change the picture radically, triggering a spontaneous breaking
of supersymmetry, hence making the chiral algebra trivial as the elliptic genus vanishes.
Therefore, beyond perturbation theory, the sigma model may no longer be described by
the theory of CDR. This non-perturbative consideration is beyond the scope of the present
paper, and will not be covered in the present study.
3
2. The Half-Twisted A-Model on a Smooth Manifold X
2.1. Some Salient Features of the Half-Twisted A-Model
In this section, we will study the salient features of the half-twisted A-model on a
smooth manifold. The reason for doing so is that many features of the non-orbifold theory
do carry over to the orbifold sigma model. Hence, their discussion is relevant to the present
paper.
To begin with, let us first recall the half-twisted variant of the A-model in perturbation
theory. It governs maps Φ : Σ → X , with Σ being the worldsheet Riemann surface. By
picking local coordinates z, z¯ on Σ, and φi, φi¯ on the Ka¨hler manifold X , the map Φ
can then be described locally via the functions φi(z, z¯) and φi¯(z, z¯). Let K and K be the
canonical and anti-canonical bundles of Σ (the bundles of one-forms of types (1, 0) and (0, 1)
respectively), whereby the spinor bundles of Σ with opposite chiralities are given by K1/2
and K
1/2
. Let TX and TX be the holomorphic and anti-holomorphic tangent bundle of X .
The half-twisted variant as defined in [11], will have the same classical Lagrangian as that
of the original A-model in [12]. (The only difference is that the cohomology of operators
and states is taken with respect to a single right-moving supercharge only instead of a linear
combination of a left- and right-moving supercharge. This will be clear shortly). It is thus
given by1
S =
∫
Σ
|d2z|
(
gij¯∂zφ
j¯∂z¯φ
i + gij¯ψ
i
z¯Dzψ
j¯ + gij¯ψ
j¯
zDz¯ψ
i −Rik¯jl¯ψ
i
z¯ψ
k¯
zψ
jψ l¯
)
, (2.1)
where |d2z| = idz ∧ dz¯ and i, j, k, l = 1, 2, . . . , dimCX . Rik¯jl¯ is the curvature tensor with
respect to the Levi-Civita connection Γilj = g
ik¯∂lgjk¯, and the covariant derivatives with
respect to the connection induced on the worldsheet are given by
Dzψ
j¯ = ∂zψ
j¯ + Γj¯ i¯k¯∂zφ
i¯ψk¯, Dz¯ψ
i = ∂z¯ψ
i + Γijk∂z¯φ
jψk. (2.2)
The various fermi fields transform as smooth sections of the following bundles:
ψi ∈ Γ (Φ∗TX) , ψ i¯z ∈ Γ
(
K ⊗ Φ∗TX
)
,
ψiz¯ ∈ Γ
(
K ⊗ Φ∗TX
)
, ψ i¯ ∈ Γ
(
Φ∗TX
)
, (2.3)
1The action just differs from the A-model action in [12] by a term
∫
Σ Φ
∗(K), where K is the Ka¨hler
(1, 1)-form on X . This term is irrelevant in perturbation theory where one considers only trivial maps Φ of
degree zero.
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Notice that we have included additional indices in the above fermi fields so as to reflect
their geometrical characteristics on Σ; fields without a z or z¯ index transform as worldsheet
scalars, while fields with a z or z¯ index transform as (1, 0) or (0, 1) forms on the worldsheet
respectively. In addition, as reflected by the i, and i¯ indices, all fields continue to be valued
in the pull-back of the corresponding bundles on X .
Let us next discuss the classical symmetries of the action S. Firstly, note that S has
a left and right-moving ghost number symmetry whereby the left-moving fermionic fields
transform as ψi → eiαψi and ψ i¯z → e
−iαψ i¯z, and the right-moving fermionic fields transform
as ψ i¯ → eiαψ i¯ and ψiz¯ → e
−iαψiz¯ , where α is real. In other words, the fields ψ
i, ψ i¯z, ψ
i¯ and
ψiz¯ can be assigned the (gL, gR) left-right ghost numbers (1, 0), (−1, 0), (0, 1) and (0,−1)
respectively. The infinitesimal version of this symmetry transformation of the left-moving
fermi fields read (after absorbing some trivial constants)
δψi = ψi, δψ i¯z = −ψ
i¯
z, (2.4)
while those of the right-moving fermi fields read
δψ i¯ = ψ i¯, δψiz¯ = −ψ
i
z¯. (2.5)
The conserved holomorphic (i.e. left-moving) current associated with the transformation (2.4)
will then be given by
J(z) = gij¯ψ
j¯
zψ
i. (2.6)
J(z) is clearly a dimension one bosonic current. (There is also an anti-holomorphic conserved
current associated with the right-moving ghost symmetry. However, it is irrelevant to our
discussion). Secondly, note that S is also invariant under the following field transformations:
δφi = ψi, δφi¯ = 0,
δψ i¯z = −∂zφ
i¯, δψiz¯ = −Γ
i
jkψ
jψkz¯ , (2.7)
δψi = 0, δψ i¯ = 0.
The conserved, dimension one fermionic current in this case will be given by
Q(z) = gij¯ψ
i∂zφ
j¯ . (2.8)
For later convenience, let us label the charge corresponding to the current Q(z) as QL.
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The third set of field transformations that leave S invariant are given by
δφi¯ = ψ i¯, δφi = 0,
δψiz¯ = −∂z¯φ
i, δψ i¯z = −Γ
i¯
j¯k¯ψ
j¯ψk¯z , (2.9)
δψi = 0, δψ i¯ = 0.
The corresponding current of the above symmetry is given by QR(z¯) = gij¯ψ
j¯∂z¯φ
i. Let us
also label the conserved charge of QR(z¯) as QR.
In Witten’s topological A-model, the BRST-charge operator that defines the BRST
cohomology is given by QBRST = QL +QR, where QL and QR are the above-mentioned left
and right-moving (scalar) supercharges which generate the symmetry transformations in (2.7)
and (2.9) respectively. However, the half-twisted A-model is a greatly enriched variant in
which one ignores QL and considers QR as the BRST operator [11]. Since the corresponding
cohomology is now defined with respect to a single, right-moving, scalar supercharge QR,
its classes need not be restricted to dimension (0, 0) operators (which correspond to ground
states). In fact, the physical operators will have dimension (n, 0), where n ≥ 0. Let us verify
this important statement.
From (2.1), we find that the anti-holomorphic stress tensor takes the form Tz¯z¯ =
gij¯∂z¯φ
i∂z¯φ
j¯+gij¯ψ
i
z¯
(
∂z¯ψ
j¯ + Γj¯
l¯k¯
∂z¯φ
l¯ψk¯
)
. One can go on to show that Tz¯z¯ = {QR,−gij¯ψ
i
z¯∂z¯φ
j¯},
that is, Tz¯z¯ is trivial in QR-cohomology. Now, we say that a local operator O inserted at
the origin has dimension (n,m) if under a rescaling z → λz, z¯ → λ¯z, it transforms as
∂n+m/∂zn∂z¯m, that is, as λ−nλ¯−m. Classical local operators have dimensions (n,m) where
n and m are non-negative integers.2 However, only local operators with m = 0 survive in
QR-cohomology. The reason for the last statement is that the rescaling of z¯ is generated
by L¯0 =
∮
dz¯ z¯Tz¯z¯. As we noted above, Tz¯ z¯ is of the form {QR, . . . }, so L¯0 = {QR, V0}
for some V0. If O is to be admissible as a local physical operator, it must at least be
true that {QR,O} = 0. Consequently, [L¯0,O] = {QR, [V0,O]}. Since the eigenvalue of
L¯0 on O is m, we have [L¯0,O] = mO. Therefore, if m 6= 0, it follows that O is QR-
exact and thus trivial in QR-cohomology. On the other hand, the holomorphic stress tensor
is given by Tzz = gij¯∂zφ
i∂zφ
j¯ + gij¯ψ
j¯
zDzψ
i, and one can verify that it can be written as
Tzz = {QL,−gij¯ψ
j¯
z∂zφ
i}, that is, it is QL-exact. Since we are only interested in QR-closed
modulo QR-exact operators, there is no restriction on the value that n can take. These ar-
guments persist in the quantum theory, since a vanishing cohomology in the classical theory
2Anomalous dimensions under RG flow may shift the values of n and m quantum mechanically, but the
spin given by (n−m), being an intrinsic property, remains unchanged.
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continues to vanish when quantum effects are small enough in the perturbative limit.
Hence, in contrast to the A-model, the BRST spectrum of physical operators and states
in the half-twisted variant is infinite-dimensional. A specialisation of its genus one partition
function, also known as the elliptic genus of X , is given by the index of the QR operator.
Indeed, the half-twisted model is not a topological field theory, rather, it is a 2d conformal
field theory - the full stress tensor derived from its action is exact with respect to the
combination QL +QR, but not QR alone.
In fact, more can be said about the observables of the half-twisted model. By a similar
argument, we can show that O, as an element of the QR-cohomology, varies homolomorphi-
cally with z. Indeed, because the momentum operator (which acts on O as ∂z¯) is given by
L¯−1, the term ∂z¯O will be given by the commutator [L¯−1,O]. Since L¯−1 =
∮
dz¯ Tz¯z¯, we will
have L¯−1 = {QR, V−1} for some V−1. Hence, because O is physical such that {QR,O} = 0, it
will be true that ∂z¯O = {QR, [V−1,O]} and thus vanishes in QR-cohomology. As before, since
a vanishing cohomology in the classical theory continues to vanish when quantum effects are
small enough in perturbation theory, this observation will continue to hold at the quantum
level. Moreover, since the holomorphic stress tensor can be verified to be QR-closed but not
QR-exact (even at the quantum level), the space of local operators will be invariant under
holomorphic reparameterisations of the coordinates on the worldsheet.
One can also make some observations about the correlation functions of these local
operators. Firstly, note that the ∂z¯ operator on Σ is given by L¯−1 =
∮
dz¯ Tz¯z¯. Therefore,
∂z¯ 〈O1(z1)O2(z2) . . .Os(zs)〉 will be given by
∮
dz¯ 〈Tz¯z¯ O1(z1)O2(z2) . . .Os(zs)〉, which van-
ishes because Tz¯z¯ ∼ 0 in QR-cohomology. Thus, the correlation functions are always holomor-
phic in z. Secondly, note that the trace of the stress tensor is also trivial in QR-cohomology,
that is, we can express Tzz¯ = {QR, Gzz¯} for some Gzz¯. Hence, the variation of the correla-
tion functions due to a change in the scale of Σ will be given by 〈O1(z1)O2(z2) . . .Os(zs)Tzz¯〉,
which also vanishes because Tzz¯ ∼ 0 in QR-cohomology. In other words, the correlation func-
tions of local physical operators will continue to be invariant under arbitrary scalings of Σ.
Thus, the correlation functions are always independent of the Ka¨hler structure on Σ but vary
holomorphically with its complex structure (as is familiar for chiral algebras). Since the cor-
relation functions are holomorphic in the parameters of the theory, they are protected from
perturbative corrections. Note that all the observations made so far apply to the observables
of the orbifold theory as well.
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2.2. A Holomorphic Chiral Algebra
Let O(z) and O˜(z′) be two QR-closed operators such that their product is QR-closed
as well. Now, consider their operator product expansion or OPE:
O(z)O˜(z′) ∼
∑
k
fk(z − z
′)Ok(z
′), (2.10)
in which the explicit form of the coefficients fk must be such that the scaling dimensions
and (gL, gR) ghost numbers of the operators agree on both sides of the OPE. In general,
fk is not holomorphic in z. However, if we work modulo QR-exact operators in passing to
the QR-cohomology, the fk’s which are non-holomorphic and are thus not annihilated by
∂/∂z¯, drop out from the OPE because they multiply operators Ok which are QR-exact. This
is true because ∂/∂z¯ acts on the LHS of (2.10) to give terms which are cohomologically
trivial.3 In other words, we can take the fk’s to be holomorphic coefficients in studying
the QR-cohomology, and the OPE of (2.10) has a holomorphic structure. Hence, we have
established that the QR-cohomology of holomorphic local operators has a natural structure of
a holomorphic chiral algebra which we shall denote as A; in addition to having holomorphic
expansion coefficients fk, the OPEs of the local operators in the chiral algebra also obey
the usual relations of holomorphy, associativity, and invariance under scalings and arbitrary
holomorphic reparameterisations of z.
2.3. The Moduli of the Chiral Algebra
We shall now discuss the moduli of the chiral algebra A. Note that the chiral algebra
does depend on the complex structure of X because it enters in the definition of the fields
and the fermionic symmetry transformation generated by QR. In addition, the moduli also
depends on a certain type of cohomology class. We shall now determine what this cohomology
class is. To this end, we shall consider adding to S, a term which will represent a modulus
of A. As was shown in [13, 10], this term results in a non-Ka¨hler deformation of the target
space X . Thus, X will be a complex, hermitian manifold in all our following discussions.
To proceed, let T = 1
2
Tijdφ
i ∧ dφj be any two-form on X that is of type (2, 0).4 The
3Since {QR,O} = 0, we have ∂z¯O = {QR, V (z)} for some V (z), as argued before. Hence ∂z¯O(z) · O˜(z
′) =
{QR, V (z)O˜(z
′)}.
4As noted in [10], the restriction of T to be a gauge field of type (2, 0), will enable us to associate the
moduli of the chiral algebra with the moduli of sheaves of vertex superalgebras of which the CDR is a special
case.
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term that deforms S will then be given by
ST =
∫
Σ
|d2z|{QR, Tijψ
i
z¯∂zφ
j}. (2.11)
By construction, ST is QR-invariant. Moreover, since it has vanishing (gL, gR) ghost numbers,
it is also invariant under the global U(1)L×U(1)R ghost symmetry. Hence, as required, the
addition of ST preserves the classical symmetries of the theory. Explicitly, we then have
ST =
∫
Σ
|d2z|
(
Tij,k¯ψ
k¯ψiz¯∂zφ
j − Tij∂z¯φ
i∂zφ
j
)
, (2.12)
where Tij,k¯ = ∂Tij/∂φ
k¯. Note that since |d2z| = idz ∧ dz¯, we can write the second term on
the RHS of (2.12) as
S
(2)
T =
i
2
∫
Σ
Tijdφ
i ∧ dφj = i
∫
Σ
Φ∗(T ). (2.13)
Recall that in perturbation theory, we are considering degree-zero maps Φ with no multi-
plicity. Hence, for S
(2)
T to be non-vanishing, T must not be closed, i.e. dT 6= 0. In other
words, one must have a non-zero flux H = dT . As T is of type (2, 0), H will be a three-form
of type (3, 0)⊕ (2, 1).
Notice here that the first term on the RHS of (2.12) is expressed in terms of H, since
Tij,k¯ is simply the (2, 1) part of H. In fact, S
(2)
T can also be written in terms of H as follows.
Suppose that C is a three-manifold whose boundary is Σ and over which the map Φ : Σ→ X
extends. Then, if T is globally-defined as a (2, 0)-form, the relation H = dT implies, via
Stoke’s theorem, that
S
(2)
T = i
∫
C
Φ∗(H). (2.14)
Hence, we see that ST can be expressed solely in terms of the three-form flux H (modulo
terms that do not affect perturbation theory). The relevant thing to note for the present
paper is that H represents a class in the Cech cohomology group H1(X,Ω2,clX ), where Ω
2,cl
X
is the sheaf of ∂-closed (2, 0)-forms on X . This has been shown in [13] and reviewed in [10].
Thus, the modulus of the chiral algebra is represented by a class in H1(X,Ω2,clX ).
One last thing to note at this point is that we do not actually want to limit ourselves
to the case where T is globally-defined; as is clear from (2.11), if T were to be globally-
defined, ST and therefore the modulus of the chiral algebra would vanish in QR-cohomology.
Fortunately, the RHS of (2.14) makes sense as long as H is globally-defined, with the extra
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condition that H be closed, since C cannot be the boundary of a four-manifold.5 Therefore,
it suffices for T to be locally-defined such that H = dT is true only locally. Hence, T must be
interpreted a a two-form gauge field in string theory (or a non-trivial connection on gerbes
in mathematical theories). This has been emphasised in a similar context in [13, 10].
2.4. A Holomorphic (Twisted) N = 2 Superconformal Algebra
Let us write the conserved, dimension two holomorphic stress tensor associated with
the symmetry under holomorphic reparameterisations of the coordinates on the worldsheet
as T (z) = −Tzz . Recall that it is given by
T (z) = −gij¯∂zφ
i∂zφ
j¯ − gij¯ψ
j¯
zDzψ
i. (2.15)
Also recall that one can write T (z) = {QL, G(z)} = δG(z), the variation of G(z) under the
field transformations (2.7), where
G(z) = gij¯ψ
j¯
z∂zφ
i. (2.16)
Hence, G(z) is a conserved, dimension two fermionic current. Notice that the conserved
currents and tensors J(z), Q(z), T (z), G(z) possess only holomorphic scaling dimensions.
Thus, their respective spins will also be given by their dimensions.
One can verify that J(z), Q(z), T (z) and G(z) are all invariant under the field transfor-
mations of (2.9). In fact, we find that J(z), Q(z), T (z) and G(z) are all QR-closed operators
in the QR-cohomology of the half-twisted model, at least at the classical level. Also note that
if O and O′ are QR-closed operators in the QR-cohomology, i.e., {QR,O} = {QR,O
′} = 0,
then {QR,OO
′} = 0. Moreover, if {QR,O} = 0, then O{QR,W} = {QR,OW} for any
operator W . These two statements mean that the cohomology classes of operators that
(anti)commute with QR form a closed (and well-defined) algebra under operator products.
One can indeed show that J(z), Q(z), T (z) and G(z) form a complete multiplet which gen-
erates a closed, holomorphic, (twisted) N = 2 superconformal algebra with the following
OPE relations [14]:
T (z)T (w) ∼
2T (w)
(z − w)2
+
∂T (w)
z − w
(2.17a)
5From homology theory, the boundary of a boundary vanishes. Hence, since Σ exists as the boundary of
C, the three-manifold C itself cannot be a boundary of a higher-dimensional four-manifold.
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J(z)J(w) ∼
d
(z − w)2
; T (z)J(w) ∼ −
d
(z − w)3
+
J(w)
(z − w)2
+
∂J(w)
z − w
(2.17b)
G(z)G(w) ∼ 0; T (z)G(w) ∼
2G(w)
(z − w)2
+
∂G(w)
z − w
; J(z)G(w) ∼ −
G(w)
z − w
(2.17c)
Q(z)Q(w) ∼ 0; T (z)Q(w) ∼
Q(w)
(z − w)2
+
∂Q(w)
z − w
; J(z)Q(w) ∼
Q(w)
z − w
(2.17d)
Q(z)G(w) ∼
d
(z − w)3
+
J(w)
(z − w)2
+
T (w)
z − w
, (2.17e)
where d = dimCX . This structure is also known as a structure of a topological vertex alge-
bra of rank d in the mathematical literature [2]. Thus, we see that G(z) is a (worldsheet)
superpartner of T (z) under the supersymmetry generated by the charge QL of the supercur-
rent Q(z). In addition, we also find from the OPEs that [QL, J(z)] = −Q(z), i.e., J(z) is a
(worldsheet) superpartner of Q(z). These observations will be relevant to our discussion mo-
mentarily. Also notice that the central charge in the stress tensor OPE (2.13a) is zero. This
means that the Weyl anomaly vanishes and that the trace of the stress tensor is trivial in
QR-cohomology at the quantum level. This simply reflects the invariance of the correlation
functions under scalings of the worldsheet as noted earlier.
The classical, holomorphic, OPE algebra of the half-twisted model in (2.13) may or
may not persist in the quantum theory. In fact, in a ‘massive’ model where the first Chern
class c1(X) is non-vanishing, the global U(1) symmetry associated with J(z) will be broken.
Likewise for the symmetry associated with its superpartner Q(z). Hence, J(z) and Q(z)
will cease to remain in the QR-cohomology at the quantum level. However, the symmetries
associated with T (z) andG(z) are exact in quantum perturbation theory, and these operators
will remain in the QR-cohomology, regardless of the value of c1(X). Hence, for c1(X) 6= 0,
we have in some sense a reduction from an N = 2 to an N = 1 algebra.
3. The Half-Twisted A-Model on an Orbifold X/G
3.1. Orbifolding the Half-Twisted A-Model
Orbifolds are among the simplest class of solutions in string theory [15]. It is a possibly
singular space, defined by equating points on an underlying manifold related by the action
of its isometry group. However, despite the singularity of the geometry that arises due to
the presence of fixed points, the corresponding 2d CFT is non-singular; roughly speaking,
orbifolding just amounts to gauging the worldsheet theory by the isometry group of the
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target space. This leads to a set of standard procedures that one can employ to consistently
define an orbifold theory.
In this section, we will apply the well-known orbifolding procedure to the half-twisted
model discussed in section 2. In order to define the half-twisted model on the orbifold X/G,
where G is a finite group isometry of X , one starts with the original theory on the smooth
manifold X , add twisted sectors, and project onto G-invariant operators and states in both
the untwisted and twisted sectors. There will be a modification of the fermion number of
the vacuum as well. Let us look at this procedure in greater detail.
The Action of a Finite Isometry Group G of X
In order to for us to elaborate on the twisted sectors and ascertain which operators
will eventually survive the G-projection, we will first need to specify the action of the finite
isometry group G on the various fields of the sigma model. For the purpose of making
contact with the results of [1], we shall specialise to the case where G is an abelian cyclic
group of order K, that is, G = ZK . Since ZK is a subset of the rotation group, let us first
specify the generator of rotations - it takes the general form
R = exp [2πi
dimCX∑
j=1
(θjJ2j−1,2j)], (3.1)
where J2j−1,2j is the angular momentum generator which generates rotations in the (2j −
1, 2j) plane, and θj is the corresponding rotation parameter. Recall that on X , the φ
j and
φj¯ fields transform as holomorphic and anti-holomorphic coordinates. They are given by
complex linear combinations φj = 2−1/2(φ2j−1 + iφ2j) and φj¯ = 2−1/2(φ2j−1 − iφ2j), where
j, j¯ = 1, 2, . . . , dimCX . Recall also that ψ
j and ψj¯ transform as (pullbacks of) holomorphic
and anti-holomorphic tangent bundles, where they are also given by the complex linear
combinations ψj = 2−1/2(ψ2j−1 + iψ2j) and ψj¯ = 2−1/2(ψ2j−1 − iψ2j). Last but not least,
note that gji¯ψ
i¯
z = ψzj and gj¯iψ
i
z¯ = ψz¯j¯ transform as holomorphic and anti-holomorphic one-
forms on X respectively. Thus, in order for the action of G to commute with the worldsheet
supersymmetries, and since scalars should be preserved under a rotation generated by R,
the action of G = ZK on the various fields must be given as follows:
φj → e2piiθjφj, φj → e
−2piiθjφj, (3.2)
ψj → e2piiθjψj , ψzj → e
−2piiθjψzj, (3.3)
ψj¯ → e−2piiθjψj¯ , ψz¯j¯ → e
2piiθjψz¯j¯ , (3.4)
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where θj = mj/K, and mj = 0, 1, 2 . . .K − 1. We have also written gji¯φ
i¯ as φj .
Twisted Sectors
Modular invariance of the partition function also requires the addition of twisted sectors.
Moreover, from a string theoretic perspective, interactions between untwisted strings can
produce twisted strings. The corresponding fields in the twisted sectors are defined to have
non-trivial monodromy on the worldsheet, that is, for each g ∈ ZK , where g
K = 1, we have
ϕ(σ + 2π) = g · ϕ(σ), (3.5)
where σ is the usual worldsheet spatial coordinate and ϕ represents a generic worldsheet
field. Note that σ → σ+ 2π is simply effected by z → e2piiz. The relation in (3.5) is natural
because ϕ(σ + 2π) ∼ ϕ(σ) for closed strings (which we are considering in this paper), and
G is an isometry of the target space and thus, the worldsheet theory.
Let us denote the fields in the g-twisted sector as φg and ψg. Then, these fields will
obey the following twist conditions6
φj,g(σ + 2π) = e−2piiθjφj,g(σ), φgj (σ + 2π) = e
2piiθjφgj (σ), (3.6)
ψj,g(σ + 2π) = e−2piiθjψj,g(σ), ψgzj(σ + 2π) = e
2piiθjψgzj(σ), (3.7)
ψj¯,g(σ + 2π) = e2piiθjψj¯,g(σ), ψg
z¯j¯
(σ + 2π) = e−2piiθjψg
z¯j¯
(σ), (3.8)
where we consider the fermionic fields to come from the R-sector only.
Note that the mode numbers that appear in the Laurent expansion of the twisted fields
must be shifted accordingly so that the fields will exhibit the required monodromies stated
in (3.6)-(3.8). Therefore, we can expand the twisted fields (when X is flat) as
∂zφ
j,g(z) =
∑
m∈ θj+Z
αj,gm
zm+1
, ∂zφ
g
j (z) =
∑
m∈−θj+Z
αgjm
zm+1
, (3.9)
∂¯z¯φ
j,g(z¯) =
∑
m∈−θj+Z
α˜j,gm
z¯m+1
, ∂¯z¯φ
g
j (z¯) =
∑
m∈ θj+Z
α˜gjm
z¯m+1
, (3.10)
ψj,g(z) =
∑
m∈ θj+Z
ψj,gm
zm
, ψgzj(z) =
∑
m∈−θj+Z
ψgjm
zm+1
, (3.11)
ψj¯,g(z¯) =
∑
m∈ θj+Z
ψj¯,gm
z¯m
, ψg
z¯j¯
(z¯) =
∑
m∈−θj+Z
ψg
j¯m
z¯m+1
. (3.12)
6Our twisting convention differs from that found in the physics literature by a ‘-’ sign in mj . This is done
so that we can identify with the results of [1]. This change in convention is inconsequential as g in (3.5) can
be any element of ZK , and e
−2piimj/K ∼ e2pii(K−mj)/K ∈ ZK . What is important is that the fields which
transform as sections of the contagent and tangent bundles should have opposite twists.
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G-Invariance and the Hilbert Space of the Orbifold Theory
Since orbifolding amounts to a form of gauging the worldsheet theory by the isometry
group, one naturally has to project onto G-invariant operators and states. One can imme-
diately see that the admissible operators are those which are invariant under the action of
G = ZK specified in (3.2)-(3.4).
The projection of the operators and states of the untwisted sector onto the G-invariant
subspace is straightforward. However, the projection of the twisted sectors onto the G-
invariant subspace is a little less straightforward if the group that we are gauging by is
non-abelian. Even though we are not considering G to be non-abelian in our paper, it will
be useful to look at the generalised case so as to make contact with the definitions found in
the mathematical literature.
Suppose we consider a g-twisted state in Hg, the g-twisted sector of the Hilbert space.
Thus, if ϕ is the operator corresponding to this state, we will have ϕ(2π) = gϕ(0). If we act
on this state by some other group element h, we are taken to the state whose corresponding
operator is given by hϕ(2π) = hgϕ(0) = hgh−1(hϕ(0)). In other words, if g and h do not
commute, the action of h is to take the original state to another state in Hhgh−1. Hence,
under the action of the group, sectors within a given conjugacy class mix. (Two elements
g1 and g2 are conjugate if g2 = hg1h
−1 for some h in the group.) This means that in order
for one to project onto group invariant states, we will have to take a state in the sector
Hg, and project onto the invariant subspace of C(g), the centraliser of g (the subgroup of
elements commuting with g, which therefore take the state in Hg to itself.). The total Hilbert
space is then obtained by taking the sum of the corresponding states from the sectors in the
same conjugacy class, while projecting each of these states onto the invariant subspace of
its corresponding centraliser. Thus in general, the independent twisted sectors are labelled
not by elements of G, but by the conjugacy classes of G. In other words, we can write the
Hilbert space of the orbifold theory as a direct sum of twisted sectors, one for each conjugacy
class [g] in the group G:
H =
⊕
[g]
H[g], (3.13)
where
H[g] =
⊕
g∈[g]
HC(g)g =
|[g]|⊕
i=1
H
C(g)
highi
−1 (3.14)
for an appropriate set {hi}. The C(g) superscript just denotes the C(g)-invariant subspace
of the Hilbert space of states in the respective sectors. In addition, note that for an abelian
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orbifold, we have
HC(g)g ≃ H
C(g′)
g′ , (3.15)
where g and g′ belong in the same conjugacy class. This is true because g′ = g in such a
case, and the conjugacy class of elements is the group itself. Notice also that for an abelian
group, C(g) = G, i.e., one still takes G-invariant operators and states in an abelian orbifold
theory. In general, C(1) = G, so the sum in (3.13) includes the G-invariant untwisted sector
as required.
Fermion Number Shift
In the twisted sectors, there is a shift in the fermion number of the vacuum [16, 17]. To
understand the implications of this statement, let us first explain the origin of the twisted
boundary conditions for the fermions. Let the fixed-point set of X be written as Xg. By
definition of a fixed-point set, the group action g must act trivially on the tangent bundle
of Xg, but non-trivially on its normal bundle. Since the fermi fields transform as (pullbacks
of) tangent bundles on X , i.e., they have tangent space indices, it will mean that g will act
non-trivially on the fermi fields whose indices correspond to the normal directions to Xg.
Thus, the fermionic vacuum corresponds to a sector with generalised boundary conditions on
the ends of the strings. It can be shown [17] that for chiral fermions in one spatial dimension,
when the chiral fermion number is properly regularised to account for an infinite spectrum of
energies, the general boundary condition ψ(σ + 2π) = e−2piifψ(σ) leads to the result F = f
for the twisted fermion vacuum, where F is the fermion number.
The above argument can be extended to the multi-fermion case. By choosing a basis for
the tangent space such that the matrix of g is diagonalised, one can see that we actually have
a seperate shift for each of the chiral fermions. If the eigenvalues of g are given by e−2piiθl ,
l = 1, . . . , r, where r = codimCXg, the chiral fermion number of the vacuum is shifted by
Fg =
r∑
l=1
θl, (3.16)
where θl = ml/K and 0 < θl < 1. Note that the present discussion applies to anti-chiral
fermions as well. A relevant point to note however, is that since the chiral fermion number
of the sigma model is in one-to-one correspondence with the grading by left-moving ghost
number gL, the value of gL will be shifted by Fg in the g-twisted sector. Likewise, by
considering the anti-chiral fermion number, we find that the value of gR will also be shifted
by Fg in the g-twisted sector. These observations will be important shortly.
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3.2. The Holomorphic Chiral Algebra
We shall now generalise the arguments in section 2.2 to the orbifold case. Let us first
consider the untwisted sector. Let us take OG(z) and O˜G(z) to be two untwisted, QR-
closed operators of the half-twisted sigma model on X which survive a G-projection, i.e.,
they correspond to observables in the untwisted sector of the model on X/G. Taking a
G-projection just picks out the subset of operators which are G-invariant. This means that
the analysis of the structure of the algebra furnished by the OPE’s of the untwisted local
operators OG(z) and O˜G(z), is exactly the same as that found in section 2.2. Thus, we can
conclude that the local operators in the QR-cohomology of the untwisted sector of the half-
twisted sigma model on X/G, supports a natural structure of a holomorphic chiral algebra
as defined in section 2.2. We shall denote this chiral algebra as AG.
Let us now consider the twisted sector. Let us take OgG(z) and O˜
g
G(z) to be two g-
twisted, QR-closed operators of the half-twisted sigma model on X which survive a G-
projection, i.e., they correspond to twisted sector observables of the model on X/G. As
before, the G-projection just restricts to the subset of operators which are G-invariant. Also,
notice that the analysis of section 2.2 is based on worldsheet supersymmetries.7 Since the
twisting by g commutes with the worldsheet supersymmetries, the analysis of the structure
of the algebra furnished by the OPE’s of the twisted local operators OgG(z) and O˜
g
G(z), will
be the same as that in the untwisted case. Hence, we can conclude that the local operators
in the QR-cohomology of the twisted sector of the half-twisted sigma model on X/G, also
supports a natural structure of a holomorphic chiral algebra as defined in section 2.2. We
shall denote this chiral algebra as AgG.
3.3. The Holomorphic (Twisted) N = 2 Superconformal Structure
The Untwisted Sector
From the expressions of J(z), Q(z), T (z) and G(z) in (2.6), (2.8), (2.15) and (2.16)
respectively, one finds that they are all invariant under the G-action specified in (3.2)-(3.4).
Thus, the QR-closed operators J(z), Q(z), T (z) and G(z) qualify as admissible operators
in the untwisted sector of the orbifold theory. As in section 2.2, one can verify that these
operators form a complete multiplet which generates a closed, holomorphic, (twisted) N = 2
superconformal algebra at the classical level. The corresponding OPE relations are as given
7The analysis is based on the QR-invariance of the operators and the QR-exactness of the antiholomorphic
stress tensor Tz¯z¯ , which certainly involves the variation of the fields generated by the worldsheet supercharge
QR.
16
in (2.17).
The observations made about the non-orbifolded theory in section 2.4 are also valid
in the orbifold theory at hand. In particular, since the central charge in the stress tensor
OPE is zero, it wll mean that the Weyl anomaly vanishes, and that the trace of the stress
tensor is trivial in QR-cohomology at the quantum level. Thus, the correlation functions
of observables from the untwisted sector are invariant under scalings of the worldsheet. In
addition, as with the non-orbifolded theory, the holomorphic (twisted) N = 2 superconformal
algebra of the untwisted sector will only persist in the quantum theory if there are no massive
excitations, that is, if X/G is a Calabi-Yau orbifold. Else, the symmetry associated with
J(z) and Q(z) will be broken in the quantum theory, i.e., J(z) and Q(z) will cease to remain
in the QR-cohomology of the orbifold sigma model at the quantum level. On the other hand,
the symmetries associated with T (z) and G(z) are exact in quantum perturbation theory,
and these operators will remain in the QR-cohomology of the quantum theory, regardless
of whether X/G is Calabi-Yau or not. (Note that X/G will only be Calabi-Yau if X is
Calabi-Yau, and if G preserves the holomorphic n-form on X , where n = dimCX . We shall
restrict our discussions to such examples of G in this paper.) Hence, we have in some sense,
a reduction from an N = 2 to N = 1 algebra when X/G is not Calabi-Yau. We will examine
this reduction more closely from a different point of view when we consider examples in
section 5, where we describe the half-twisted orbifold model in terms of sheaves of CDR.
We will then be able to obtain a purely mathematical interpretation of the above physical
observations.
The Twisted Sector
Let us now consider an analogous set of QR-closed operators made up of twisted fields
instead. To be specific, let us define
Jg(z) = ψgziψ
i,g(z) + Fgz
−1, (3.17)
Qg(z) = ψi,g∂zφ
g
i (z), (3.18)
T g(z) = −∂zφ
i,g∂zφ
g
i (z)− ψ
g
ziDzψ
i,g(z), (3.19)
Gg(z) = ψgzi∂zφ
i,g(z). (3.20)
Apart from the additional Fgz
−1 term in Jg(z), the operators Jg(z), Qg(z), T g(z) and Gg(z)
can be obtained by replacing the untwisted fields in J(z), Q(z), T (z) and G(z), with g-
twisted ones (obeying the twist conditions in (3.6)-(3.8)). The addition of the Fgz
−1 term is
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to account for the shift in the value of gL in the g-twisted sector as discussed earlier.
8 (Note
that in writing (3.17)-(3.20), we have used the fact that the metric gij¯ is a function in the
φj and φj¯ fields, and thus, ∂zgij¯ = 0.)
Notice that Jg(z), Qg(z), T g(z) and Gg(z) are also invariant under the action of G
specified in (3.2)-(3.4). Hence, they are admissible as operators in the twisted sector of the
orbifold sigma model. Moreover, since the OPE’s between the twisted bosonic and fermionic
fields take the same form as the OPE’s between their untwisted counterparts, one can verify
that Jg(z), Qg(z), T g(z) and Gg(z) also satisfy the OPEs of a holomorphic, (twisted) N = 2
superconformal algebra:
T g(z)T g(w) ∼
2T g(w)
(z − w)2
+
∂T g(w)
z − w
(3.21a)
Jg(z)Jg(w) ∼
d
(z − w)2
; T g(z)Jg(w) ∼ −
d
(z − w)3
+
Jg(w)
(z − w)2
+
∂Jg(w)
z − w
(3.21b)
Gg(z)Gg(w) ∼ 0; T g(z)Gg(w) ∼
2Gg(w)
(z − w)2
+
∂Gg(w)
z − w
; Jg(z)Gg(w) ∼ −
Gg(w)
z − w
(3.21c)
Qg(z)Qg(w) ∼ 0; T g(z)Qg(w) ∼
Qg(w)
(z − w)2
+
∂Qg(w)
z − w
; Jg(z)Qg(w) ∼
Qg(w)
z − w
(3.21d)
Qg(z)Gg(w) ∼
d
(z − w)3
+
Jg(w)
(z − w)2
+
T g(w)
z − w
, (3.21e)
where d = dimCX . Since the twist commutes with the worldsheet supersymmetries, we can
make the same observations about the twisted sectors as we did for the untwisted sector.
Firstly, the correlation functions of observables from the twisted sectors are invariant under
scalings of the worldsheet. Secondly, the holomorphic (twisted) N = 2 superconformal
structure of the twisted sectors will only persist in the quantum theory if there are no
massive excitations, that is, if X/G is a Calabi-Yau orbifold. Else, the symmetry associated
with Jg(z) and Qg(z) will be broken at the quantum level, i.e., Jg(z) and Qg(z) will cease to
remain in the QR-cohomology of the orbifold sigma model in the quantum theory. Thirdly,
the symmetries associated with T g(z) and Gg(z) are exact in quantum perturbation theory,
and these operators will remain in the QR-cohomology at the quantum level, regardless of
whether X/G is Calabi-Yau or not. Thus, we also have a reduction from an N = 2 to N = 1
structure in the twisted sectors when X/G is not Calabi-Yau. Likewise, we will be able
to obtain a purely mathematical interpretation of the above physical observations when we
8Recall that the charge of Jg(z) is given by gL, i.e., gL =
∮
dz
2piiJ
g(z) in the g-twisted sector. Hence, the
additional term results in a shift of
∮
dz
2pii
Fg
z = Fg in gL as required.
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consider some examples in section 5, where we describe the twisted sectors of the orbifold
sigma model in terms of a twisted variant of the sheaf of CDR.
4. Sheaf of Perturbative Observables
4.1. General Description and Considerations
From the orbifolding procedure outlined in section 3.1, we learn that the observables
or more precisely, the local operators in the QR-cohomology of the half-twisted model on
X/G, can be obtained by first considering the untwisted and twisted local operators in the
QR-cohomology of the half-twisted model on X , and then projecting onto those which are
G-invariant only. Let us describe these observables in greater detail.
The Untwisted Sector
We will start by describing the untwisted local operators in the QR-cohomology of the
half-twisted model on X . In general, an untwisted local operator is an operator F that is a
function of the untwisted fields φi, φi¯, ψz¯i¯, ψ
i¯, ψzi, ψ
i, and their derivatives with respect to
z and z¯.9 However, as we saw in section 2.1, the QR-cohomology vanishes for operators of
dimension (n,m) with m 6= 0. Since ψz¯i¯ and the derivative ∂z¯ both have m = 1 (and recall
from section 2.1 that a physical operator cannot have negative m or n), QR-cohomology
classes can be constructed from just φi, φi¯, ψ i¯, ψzi, ψ
i and their derivatives with respect
to z. Note that the equation of motion for ψ i¯ is Dzψ
i¯ = −Ri¯ k¯j l¯(φ)ψ
k¯
zψ
jψ l¯. Thus, we can
ignore the z-derivatives of ψ i¯, since it can be expressed in terms of the other fields and their
corresponding derivatives. Therefore, a chiral (i.e., QR-invariant) operator which represents
a QR-cohomology class is given by
F(φi, ∂zφ
i, ∂2zφ
i, . . . ;φi¯, ∂zφ
i¯, ∂2zφ
i¯, . . . ;ψzi, ∂zψzi, ∂
2
zψzi . . . ;ψ
i, ∂zψ
i, ∂2zψ
i . . . ;ψ i¯), (4.1)
where we have tried to indicate that F might depend on z derivatives of φi, φi¯, ψzi and
ψi of arbitrarily high order, though not on derivatives of ψ i¯. If the scaling dimension of
F is bounded, it will mean that F depends only on the derivatives of fields up to some
finite order, is a polynomial of bounded degree in those, and/or is a bounded polynomial
in ψzi. Notice that F will always be a polynomial of finite degree in ψ
i, ψzi and ψ
i¯, simply
9Note here that since we are interested in local operators which define a holomorphic chiral algebra on
the Riemann surface Σ, we will work locally on a flat Σ with local parameter z. Hence, we need not include
in our operators the dependence on the scalar curvature of Σ.
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because ψi, ψzi and ψ
i¯ are fermionic and can only have a finite number of components before
they vanish due to their anti-commutativity. However, the dependence of F on φi, φi¯ (as
opposed to their derivatives) need not have any simple form. Nevertheless, we can make
the following observation - from the (gL, gR) ghost numbers of the fields in section 2.1, we
see that if F is homogeneous of degree k in ψ i¯, then it has ghost numbers (gL, gR) = (p, k),
where p is determined by the net number of ψi over ψzi fields (and/or of their corresponding
derivatives) in F .
A general gR = k operator F(φ
i, ∂zφ
i, . . . ;φi¯, ∂zφ
i¯, . . . ;ψzi, ∂zψzi, . . . ;ψ
i, ∂zψ
i, . . . ;ψ i¯) can
be interpreted as a (0, k)-form on X with values in a certain tensor product bundle. In or-
der to illustrate the general idea behind this interpretation, we will make things explicit for
operators of dimension (0, 0) and (1, 0). Similiar arguments will likewise apply for opera-
tors of higher dimension. For dimension (0, 0), the most general operator takes the form
F(φi, φi¯;ψj;ψj¯) = fj¯1,...,j¯k;j1,...,jq(φ
i, φi¯)ψj¯i . . . ψj¯kψj1 . . . ψjq ; thus, F may depend on φi, φi¯
and ψj , but not on their derivatives, and is kth order in ψj¯ . Mapping ψj to dφj and ψj¯
to dφj¯, such an operator corresponds to an ordinary (0, k)-form fj¯1,...,j¯k(φ
i, φi¯)dφj¯1 . . . dφj¯k
on X with values in the bundle ΛqT ∗X . Alternatively, it can be interpreted as an ordi-
nary (q, k)-form fj¯1,...,j¯k;j1,...,jq(φ
i, φi¯)dφj¯1 . . . dφj¯kdφj1 . . . dφjq on X .10 For dimension (1, 0),
there are four general cases. In the first case, we have an operator F(φl, ∂zφ
j, φl¯;ψj;ψj¯) =
f i¯ j¯1,...,j¯k;j1,...,jq(φ
l, φl¯)gi¯j∂zφ
jψj¯1 . . . ψj¯kψj1 . . . ψjq that is linear in ∂zφ
j and does not depend on
any other derivatives. It is a (0, k)-form on X with values in the tensor product bundle of TX
with ΛqT ∗X ; alternatively, it is a (q, k)-form on X with values in the bundle TX . Next, we
can have an operator F(φl, φl¯, ∂zφ
s¯;ψj;ψj¯) = f ij¯1,...,j¯k;j1,...,jq(φ
l, φl¯)gis¯∂zφ
s¯ψj¯i . . . ψj¯kψj1 . . . ψjq
that is linear in ∂zφ
s¯ and does not depend on any other derivatives. It is a (0, k)-form
on X with values in the tensor product bundle of TX with ΛqT ∗X ; alternatively, it is a
(q, k)-form on X with values in the bundle TX . In the third case, we have an operator
F(φl, φl¯;ψj, ∂zψ
i;ψj¯) = fij¯1,...,j¯k;j1,...,jq(φ
l, φl¯)∂zψ
iψj¯1 . . . ψj¯kψj1 . . . ψjq that is linear in ∂zψ
i
and does not depend on any other derivatives. Such an operator corresponds to a (0, k)-
form on X with values in the (antisymmetric) tensor product bundle of V∗ with ΛqT ∗X ,
where the local holomorphic sections of the vector bundle V are spanned by ∂zψ
i; alterna-
tively, it is a (q, k)-form with values in the bundle V∗. In the last case, we have an operator
F(φl, φl¯;ψzi, ψ
j;ψj¯) = f ij¯1,...,j¯k;j1,...,jq(φ
l, φl¯)ψziψ
j¯i . . . ψj¯kψj1 . . . ψjq ; here, F may depend on
φi, φi¯, ψzi and ψ
i, but not on their derivatives. Such an operator corresponds to a (0, k)-form
10Note that q, k ≤ dimCX due to the anti-commutativity of ψ
j and ψj¯ as required of the wedge product
of one-forms dφi and dφi¯.
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on X with values in the (antisymmetric) tensor product bundle of TX with ΛqT ∗X . In a
similiar fashion, for any integer n > 0, the operators of dimension (n, 0) and ghost number
gR = k can be interpreted as (0, k)-forms with values in a certain tensor product bundle over
X . This structure persists in quantum perturbation theory, but there may be perturbative
corrections to the complex structure of the bundle.
Having described the untwisted local operators of the half-twisted model on X , one just
needs to single out those operators which are QR-closed and G-invariant. In other words, the
operators in the untwisted sector of the QR-cohomology of the half-twisted orbifold model on
X/G, where G = ZK , are given by the operators F on X which are QR-closed and invariant
under the transformations (3.2)-(3.4). We shall henceforth call them FG.
The Twisted Sector
The local operators corresponding to the observables in the twisted sector can be ob-
tained by considering its composition in terms of the twisted fields φi,g, φi¯,g, ψi,g, ψ i¯,g, ψgzi,
ψg
z¯i¯
and their respective derivatives with respect to z and z¯. However, as mentioned above,
the QR-cohomology vanishes for operators of dimension (n,m) with m 6= 0.
11 Since ψg
z¯i¯
and the derivative ∂z¯ both have m = 1, QR-cohomology classes in the twisted sector can be
constructed from just φi,g, φi¯,g, ψ i¯,g, ψgzi, ψ
i,g and their derivatives with respect to z. As in
the untwisted case explained above, we can ignore the z-derivatives of ψ i¯,g since it can be
expressed in terms of the other twisted fields and their corresponding derivatives. Therefore,
a local operator which represents a QR-cohomology class in the twisted sector is given by
F g(φi,g, ∂zφ
i,g, ∂2zφ
i,g, . . . ;φi¯,g, ∂zφ
i¯,g, ∂2zφ
i¯,g, . . . ;ψgzi, ∂zψ
g
zi, ∂
2
zψ
g
zi . . . ;ψ
i,g, ∂zψ
i,g, ∂2zψ
i,g . . . ;ψ i¯,g),
(4.2)
where we have tried to indicate that F g might depend on z derivatives of φi,g, φi¯,g, ψgzi and ψ
i,g
of arbitrarily high order, though not on derivatives of ψ i¯,g. Likewise, if the scaling dimension
of F g is bounded, it will mean that F g depends only on the derivatives of fields up to some
finite order, is a polynomial of bounded degree in those, and/or is a bounded polynomial in
ψgzi. Notice that F
g will always be a polynomial of finite degree in ψi,g, ψgzi and ψ
i¯,g, simply
because ψi,g, ψgzi and ψ
i¯,g are fermionic and can only have a finite number of components
before they vanish due to their anti-commutativity. However, the dependence of F g on
φi,g, φi¯,g (as opposed to their derivatives) need not have any simple form. Nevertheless,
following the same arguments above involving the untwisted local operators, one can in
11The analysis of the untwisted case carries over the twisted case at hand because the twist commutes
with the worldsheet supersymmetries.
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general interpret a twisted local operator F g with k number of ψ i¯,g fields, as a (0, k)-form
on X with values in a certain tensor product bundle. As mentioned before, this structure
persists in quantum perturbation theory, but there may be perturbative corrections to the
complex structure of the bundle. In addition, note that due to the shift in the fermion
number of the vacuum of the twisted sector, we can make the following observation - we see
that if F g is homogeneous of degree k in ψ i¯, then it has (possibly fractional) ghost numbers
(ggL, g
g
R) = (p + Fg, k + Fg), where p is determined by the net number of ψ
i,g over ψgzi fields
(and/or of their corresponding derivatives) in F g.
Having described the twisted local operators of the half-twisted model on X , one just
needs to single out those operators which are QR-closed and G-invariant. In other words, the
operators in the twisted sector of the QR-cohomology of the half-twisted orbifold model on
X/G, where G = ZK , are given by the operators F
g on X which are QR-closed and invariant
under the transformations (3.2)-(3.4). We shall henceforth call them F gG.
The Action of QR
Let us now describe the action of QR on such operators. Note that the following argu-
ments involving the operators in the twisted and untwisted sectors are identical.12 Hence,
for brevity, we shall restrict our discussion to the operators in the untwisted sector only.
At the classical level, if we interpret ψ i¯ as dφi¯, then QR acts on functions of φ
i and φi¯,
and is simply the ∂¯ operator on X . This follows from the transformation laws δφi¯ = ψ i¯,
δφi = 0, δψ i¯ = 0. If X is flat, the interpretation of QR as the ∂¯ operator will remain valid
when QR acts on a more general operator F(φ
i, ∂zφ
i, . . . ;φi¯, ∂zφ
i¯, . . . ;ψzi, . . . ;ψ
i, . . . ;ψ i¯) that
does depend on the derivatives of φi and φi¯. The reason for this is that if Rij¯kl¯ = 0, we will
have the equation of motion Dzψ
i¯ = 0, which then means that one can neglect the action of
QR on derivatives ∂
m
z φ
i¯ with m > 0. Moreover, since δψzi = 0 for a flat metric, one can also
ignore the action of QR on the ψzi fields and their derivatives ∂
m
z ψzi with m > 0. However,
X is not flat in general, and QR need not always act as the ∂¯ operator on a general operator
at the classical level.
Perturbatively at the quantum level, there will be corrections to the action of QR. Let us
now attempt to better understand the nature of such perturbative corrections. To this end,
let QclR denote the classical approximation to QR. Note that since sigma model perturbation
theory is local on X , and it depends on an expansion of fields such as the metric tensor of
X in a Taylor series up to some given order, the perturbative corrections to QclR will also be
12The follow-on arguments involve the supersymmetry transformations on the worldsheet, and since the
twist commutes with the worldsheet supersymmetries, the discussion involving the twisted fields is the same.
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local on X , where order by order, they consist of differential operators whose possible degree
grows with the order of perturbation theory. In fact, the perturbative corrections to QclR
must represent QclR-cohomology classes. To see this, let us perturb the classical expression
so that QR = Q
cl
R + ǫQ
′ + O(ǫ2), where ǫ is a parameter that controls the magnitude of the
perturbative quantum corrections at each order of the expansion. To ensure that we continue
to have Q2R = 0, we require that {Q
cl
R, Q
′} = 0. In addition, if Q′ = {QclR,Λ} for some Λ,
then via the conjugation of QR with exp(−ǫΛ) (which results in a trivial change of basis in
the space of QR-closed local operators), the correction by Q
′ can be removed. Hence, Q′
represents a QclR-cohomology class. Since Q
′ is to be generated in sigma model perturbation
theory, it must be constructed locally from the fields appearing in the sigma model action.
It will be useful later for us to discuss the case when X is flat now. In this case, QclR will
act as the ∂¯ operator as argued above. In other words, perturbative corrections to QclR will
come from representatives of ∂¯-cohomology classes on X . An example of a representative of
a ∂¯-cohomology class on X which may contribute as a perturbative correction to the classical
expression QR = Q
cl
R would be an element of H
1(X,Ω2,clX ). It is also constructed locally from
fields appearing in the action S, and is used to deform the action. In fact, its interpretation
as a perturbative correction Q′ can be shown to be consistent with its interpretation as
the moduli of the chiral algebra in this case. To see this, notice that its interpretation as
Q′ means that it will parameterise a family of QR = Q
cl
R + ǫQ
′ operators at the quantum
level. Since the chiral algebra of local operators is defined to be closed with respect to the
QR operator, it will vary with the QR operator and consequently with H
1(X,Ω2,clX ), that
is, one can associate the moduli of the chiral algebra with H1(X,Ω2,clX ). Apparently, this
is the only one-dimensional ∂¯-cohomology class on X that can be constructed locally from
fields appearing in the action, and it may be that it completely determines the perturbative
corrections to QR = Q
cl
R. This observation will be important in section 4.3, when we discuss
the QR-cohomology of local operators (on a small open set U ⊂ X) furnished by a sheaf of
CDR associated with a free bc-βγ system.
The fact that QR does not even act as the ∂¯ operator at the classical level seems
to suggest that one needs a more general framework than just ordinary Dolbeault or ∂¯-
cohomology to describe the QR-cohomology of the half-twisted orbifold model. Indeed, as
we will show shortly in section 4.2, the appropriate description of the QR-cohomology of local
operators spanning the chiral algebra will be given in terms of the more abstract notion of
Cech cohomology.
Support of Twisted Sector Observables on Fixed-Point Set of X/G
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From the fixed-point theorem [12], and the variation of the fermionic fields in (2.9),
we see that for the half-twisted model on X , the field configurations will be governed by
single-valued holomorphic maps characterised by ∂z¯φ
i = 0. This continues to be true for the
untwisted sector of the half-twisted orbifold model on X/G because the various untwisted
fields have trivial monodromy around points on the worldsheet. However, the same cannot
be said about the twisted sectors. In fact, the notion of a single-valued holomorphic map
cannot be defined in this case. This leads to some important consequences for the twisted
sector observables. Let us examine this more closely.
Firstly, let us review the method devised in [18] for computing interactions on orbifolds.
Consider the bosonic field φ(σ) of the half-twisted sigma model on X . Let it be g-twisted
such that φ(σ + 2π) = gφ(σ). A g-twisted field configuration such as φ(σ), inserted at a
point z on the worldsheet Riemann surface Σ, must result in a map Φ(z) from Σ to the
target space X , that satisfies Φ(e2piiz) = gΦ(z). In other words, the twisted sectors involve
multivalued maps Φ : Σ → X that have specific monodromies around points of insertion
of twisted operators and states. However, as explained in [18], we can find an equivalent
description involving single-valued maps by choosing a cover Σ˜ of Σ on which G acts whilst
preserving the metric and complex structure, that is, Σ ∼= Σ˜/G. Then, the corresponding
single-valued map with equivalent information will be given by Φ˜ : Σ˜→ X , and it must obey
Φ˜(gz˜) = gΦ˜(z˜) (4.3)
for any group element g ∈ G, so that φ(σ) will have the appropriate multi-valuedness about
each insertion point of a twisted operator or state. z˜ is the coordinate on Σ˜, and the
relation in (4.3) implies that the twisted field configurations are governed by single-valued,
holomorphic equivariant maps Φ˜ to X when one considers the equivalent theory on Σ˜ instead
of Σ.
An important point to note is the following. Consider a g-twisted observable that is
inserted at a point pi. Let the group action gi on this observable be such that a small loop
around pi will lift to a line which connects p˜i to gip˜i in Σ˜. Now reduce the size of this loop
gradually until it shrinks to the point pi. The continuity of the G-action will mean that at
pi, we will have the condition gip˜i = p˜i on Σ˜, that is, pi descends from a fixed point of gi on
Σ˜. This applies for any general point p on Σ over which one can insert a g-twisted observable
(that is, a g-twisted sector observable of the half-twisted model on X). Then, together with
(4.3), we will have Φ˜(gp˜) = Φ˜(p˜) = gΦ˜(p˜). In other words, Φ˜(p˜) ∈ Xg. This observation
has some non-trivial consequences as follows. Suppose that we consider Og(p), a g-twisted
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operator observable inserted at a point p on Σ. As explained above, it can be interpreted as
some (0, k)-form with values in some tensor product bundle, which we will assume does not
vanish on X in all generality. Since a twisted sector observable at p will always be evaluated
at some Φ˜(p˜) ≡ x ∈ Xg, it will mean that if the restriction of O
g(p) (as a (0, k)-form with
values in some tensor product bundle) to Xg is zero, it’s physical contribution to correlation
functions will vanish. Thus, we find that the twisted sector observables of the half-twisted
model on X , represented by Og(z), are effectively supported on the fixed-point set Xg of X .
One can see that the argument will also hold for G-invariant operators OgG(p). Therefore, we
can conclude that the twisted sector observables of the half-twisted orbifold model on X/G,
represented by OgG(z), are effectively supported on the fixed-point set Xg of X as well.
4.2. Sheaves of Chiral Algebras
We shall now explain the idea of a “sheaf of chiral algebras” on X . To this end, note
that both the local operators in the QR-cohomology (that is, operators which are local on
the Riemann surface Σ), and the fermionic symmetry generator QR, can be described locally
on X . Hence, one is free to restrict the local operators to be well-defined not throughout
X , but only on a given open set U ⊂ X . Since in perturbation theory, we are considering,
in the untwisted and twisted sectors, trivial maps Φ : Σ → X and Φ˜ : Σ˜ → X with no
multiplicities, any operator defined in an open set U will have a sensible operator product
expansion with another operator defined in U . From here, one can naturally proceed to
restrict the definition of the (untwisted and twisted) operators to smaller open sets, such
that a global definition of the (untwisted and twisted) operators can be obtained by gluing
together the open sets on their unions and intersections. From this description, in which one
associates a chiral algebra spanned by the local operators and their OPE’s to every open set
U ⊂ X , we get what is known mathematically as a “sheaf of chiral algebras”. We shall call
these sheaves of chiral algebras corresponding to observables in the untwisted and twisted
sectors Â and Âg respectively.
Description of AG and A
g
G via Cech Cohomology
In perturbation theory, one can also describe the QR-cohomology classes of local opera-
tors by a form of Cech cohomology. This abstract description will take us to the mathematical
point of view on the subject [1]. In essence, we will show that the chiral algebras AG and
AgG, spanned by the QR-cohomology classes of G-invariant local operators in the untwisted
and twisted sectors of the half-twisted orbifold sigma model on X/G, can be represented,
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in perturbation theory, by G-invariant classes of the Cech cohomology of the sheaves Â and
Âg spanned by locally-defined chiral operators which are untwisted and twisted respectively.
We shall demonstrate this for AG first. The approach for A
g
G will be analogous.
To begin with, we shall demonstrate that the local operators F in the QR-cohomology of
the half-twisted model on X , can be described in terms of a Cech cohomology. Thereafter,
we will project onto the G-invariant subspace to obtain the corresponding operators FG
which span AG, thus providing a Cech cohomological description of AG as claimed. To this
end, let us start by considering an open set U ⊂ X that is isomorphic to a contractible
space such as an open ball in Cn, where n = dimC(X). Because U is a contractible space,
any bundle over U will be trivial. By applying this statement on the tangent bundle over
U , we find that the curvature of U vanishes, i.e., it is flat. From the discussion in section
4.1, we find that QR will then act as the ∂¯ operator on any local operator F in U . In other
words, F can be interpreted as a ∂¯-closed (0, k)-form with values in a certain tensor product
bundle F̂ over U . Thus, in the absence of perturbative corrections at the classical level, any
operator F on U in the QR-cohomology will be classes of H
0,k
∂¯
(U, F̂ ). As explained, F̂ must
be a trivial bundle over U , which means that F̂ will always possess a global section, i.e., it
corresponds to a soft sheaf. Since the higher Cech cohomologies of a soft sheaf are trivial
[19], we will have HkCech(U, F̂ ) = 0 for k > 0. Mapping this back to Dolbeault cohomology
via the Cech-Dolbeault isomorphism, we find that H0,k
∂¯
(U, F̂ ) = 0 for k > 0. Note that small
quantum corrections in the perturbative limit can only annihilate cohomology classes and
not create them. Hence, in perturbation theory, it follows that the local operators F on U
with positive values of gR must vanish in QR-cohomology.
Now consider a good cover of X by open sets {Ua}. Since the intersection of open sets
{Ua} also give open sets (isomorphic to open balls in C
n), {Ua} and all of their intersections
have the same property as U described above: ∂¯-cohomology and hence QR-cohomology
vanishes for positive values of gR on {Ua} and their intersections.
Let the operator F1 on X be a QR-cohomology class with gR = 1. It is here that
we shall demonstrate an isomorphism between the QR-cohomology and a Cech cohomology.
When restricted to an open set Ua, the operator F1 must be trivial in QR-cohomology, i.e.,
F1 = {QR, Ca}, where QR has gR = 1, and Ca is an operator of gR = 0 that is well-defined in
Ua.
Now, since QR-cohomology classes such as F1 can be globally-defined on X , we have
F1 = {QR, Ca} = {QR, Cb} over the intersection Ua ∩ Ub, so {QR, Ca − Cb} = 0. Let Cab =
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Ca − Cb. For each a and b, Cab is defined in Ua ∩ Ub. Therefore, for all a, b, c, we have
Cab = −Cba, Cab + Cbc + Cca = 0. (4.4)
Moreover, for (gR = 0) operators Ka and Kb, whereby {QR,Ka} = {QR,Kb} = 0, we have
an equivalence relation
Cab ∼ C
′
ab = Cab +Ka −Kb. (4.5)
Note that the collection {Cab} are operators in theQR-cohomology with well-defined operator
product expansions.
Since the local operators with positive values of gR vanish in QR-cohomology on an arbi-
trary open set U , the sheaf Â of the chiral algebra of untwisted operators has for its local sec-
tions the ψ i¯-independent (i.e. gR = 0) operators F̂(φ
i, ∂zφ
i, . . . ;φi¯, ∂zφ
i¯, . . . ;ψzi, ∂zψzi, . . . ;
ψi, ∂zψ
i, . . . ) that are annihilated by QR. Each Cab with gR = 0 is thus a section of Â over
the intersection Ua ∩ Ub. From (4.4) and (4.5), we find that the collection {Cab} defines the
elements of the first Cech cohomology group H1Cech(X, Â).
Next, note that the QR-cohomology classes are defined as those operators which are
QR-closed, modulo those which can be globally written as {QR, . . . } on X . In other words,
F1 vanishes in QR-cohomology if we can write it as F1 = {QR, Ca} = {QR, Cb} = {QR, C},
i.e., Ca = Cb and hence Cab = 0. Therefore, a vanishing QR-cohomology with gR = 1
corresponds to a vanishing first Cech cohomology. Thus, we have obtained a map between
the QR-cohomology with gR = 1 and a first Cech cohomology.
One can also run everything backwards and construct an inverse of this map. Suppose
we are given a family {Cab} of sections of Â over the corresponding intersections {Ua ∩ Ub},
and they obey (4.4) and (4.5) so that they define the elements of H1(X, Â). We can then
proceed as follows. Let the set {fa} be partition of unity subordinates to the open cover
of X provided by {Ua}. This means that the elements of {fa} are continuous functions on
X , and they vanish outside the corresponding elements in {Ua} whilst obeying
∑
a fa = 1.
Let F1,a be a chiral operator defined in Ua by F1,a =
∑
c[QR, fc]Cac.
13 F1,a is well-defined
throughout Ua, since in Ua, [QR, fc] vanishes wherever Cac is not defined. Clearly, F1,a
has gR = 1, since Cac has gR = 0 and QR has gR = 1. Moreover, since F1,a is a chiral
operator defined in Ua, it will mean that {QR,F1,a} = 0 over Ua. For any a and b, we
have F1,a−F1,b =
∑
c[QR, fc](Cac−Cbc). Using (4.4), this is
∑
c[QR, fc]Cab = [QR,
∑
c fc]Cab.
This vanishes since
∑
c fc = 1. Hence, F1,a = F1,b on Ua ∩ Ub, for all a and b. In other
13Normal ordering of the operator product of [QR, fc(φ
i, φi¯)] with Cac is needed for regularisation purposes.
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words, we have found a globally-defined gR = 1 operator F1 that obeys {QR,F1} = 0 on X .
Notice that F1,a and thus F1 is not defined to be of the form {QR, . . . }. Therefore, we have
obtained a map from the Cech cohomology group H1(X, Â) to the QR-cohomology group
with gR = 1, i.e., QR-closed, gR = 1 operators modulo those that can be globally written as
{Q+, . . . }. The fact that this map is an inverse of the first map can indeed be verified.
Since there is nothing unique about the gR = 1 case, we can repeat the above procedure
for operators FgR with gR > 1. In doing so, we find that the QR-cohomology of the half-
twisted model on X coincides with the Cech cohomology of Â for all gR. As mentioned,
we will need to project onto the G-invariant subspace of local operators to get FG, the
observables in the untwisted sector of the half-twisted orbifold model on X/G. In doing so,
we find that the chiral algebra AG will be given by
⊕
gR
HgRCech(X, Â)
G as a vector space,
where the superscript indicates the G-invariant subset of the Cech cohomology group.
By repeating the exact same arguments above but by considering F g instead of F ,
and Âg instead of Â, keeping in mind the shift in the value of gR in the twisted sectors as
discussed in section 3.1, we find that for the twisted sectors of the half-twisted orbifold model
on X/G, the chiral algebra AgG will be given by
⊕
gR−Fg
H
gR−Fg
Cech (X, Â
g)G as a vector space,
where again, the superscript indicates the G-invariant subset of the Cech cohomology group.
As there will be no ambiguity, we shall henceforth omit the label “Cech” when referring to
the cohomology of Â and Âg.
Note that in the mathematical literature, the sheaves Â and Âg are also known as
sheaves of vertex superalgebras. They are studied purely from the Cech viewpoint; the fields
ψ i¯ and ψ i¯,g are omitted and locally on X , one considers operators constructed only from φi,
φi¯, ψzi, ψ
i, and φi,g, φi¯,g, ψgzi, ψ
i,g, and their z-derivatives respectively. The QR-cohomology
classes spanning the chiral algebras AG and A
g
G with positive gR and k = (gR − Fg) are
correspondingly constructed asG-invariant Cech gR- and k-cocycles respectively. However, in
the physical description via a Lagrangian and QR operator, the sheaves Â and Â
g, and their
cohomologies, are given a ∂¯-like description, where Cech gR- and k-cocycles are represented
by operators that are gthR and k
th order in the fields ψ i¯ and ψ i¯,g respectively. Notice that the
mathematical description does not involve any form of perturbation theory at all. Instead,
it utilises the abstraction of Cech cohomology to define the spectrum of operators in the
quantum model. It is in this sense that the study of the orbifold sigma model is given a
rigorous foundation in the mathematical literature. In section 4.5, we will work out the
specific type of vertex superalgebras that the sections of the sheaves Â and Âg furnish.
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4.3. Relation to a Free bc-βγ System
Now, we shall express in a physical language a few key points that are made in the
mathematical literature [1] starting from a Cech viewpoint. Let us start by providing a
convenient description of the local structure of the sheaves Â and Âg on X . To this end, we
will describe in a new way the operators in the QR-cohomology that are regular in a small
open set U ⊂ X , where we assume U to be isomorphic to an open ball in Cn and is thus
contractible. We shall first discuss the sheaf Â. The arguments involving Âg will be similar.
The Sheaf Â on X
To describe the local structure, we can pick a hermitian metric that is flat when re-
stricted to U . The action, in general, also contains deformation terms derived from an
element of H1(X,Ω2,clX ) as explained in section 2.3. From (2.11) and the discussion there-
after, we see that these terms are also QR-exact locally, and therefore can be discarded in
analysing the local structure in U . Thus, the local action (derived from the flat hermitian
metric) of the half-twisted sigma model on U is
I =
1
2π
∫
Σ
|d2z|
∑
i,j¯
δij¯
(
∂zφ
j¯∂z¯φ
i + ψj¯z∂z¯ψ
i + ψiz¯∂zψ
j¯
)
. (4.6)
Now let us describe theQR-cohomology classes of untwisted operators regular in U . From our
previous discussions, these are operators of dimension (n, 0) that are independent of ψ i¯. In
general, such operators are of the form F̂(φi, ∂zφ
i, . . . ;φi¯, ∂zφ
i¯, . . . ;ψzi, ∂zψzi, . . . ;ψ
i, ∂zψ
i, . . . ).
As explained earlier in section 4.1, on a flat target space such as U , there can be perturbative
corrections to the action of QR coming from classes in H
1(X,Ω2,clX ). However, as mentioned
above, they are irrelevant when analysing the QR-cohomology on U . Hence, we can ignore
the perturbative corrections to QR for our present purposes. Therefore, on the classes of
operators in U , QR acts as ∂¯ = ψ
i¯∂/∂φi¯, and the condition that F̂ is annihilated by QR is
precisely that, as a function of φi, φi¯, ψzi, ψ
i and their z-derivatives, it is independent of
φi¯ (as opposed to its derivatives), and depends only on the other variables, namely φi, ψzi,
ψi and the derivatives of φi, φi¯, ψzi and ψ
i.14 Hence, the QR-invariant operators are of the
form F̂(φi, ∂zφ
i, . . . ; ∂zφ
i¯, ∂2zφ
i¯, . . . ;ψzi, ∂zψzi, ∂
2
zψzi, . . . ;ψ
i, ∂zψ
i, ∂2zψ
i, . . . ). In other words,
the operators, in their dependence on the center of mass coordinate of the string whose
worldsheet theory is the half-twisted sigma model, is holomorphic. The local sections of Â
14We can again ignore the action of QR on z-derivatives of φ
i¯ because of the equation of motion ∂zψ
i¯ = 0
and the symmetry transformation law δφi¯ = ψi¯.
29
are just given by the operators in the QR-cohomology of the local, half-twisted sigma model
on U with action (4.6).
A Holomorphic, Twisted N = 2 Superconformal Structure
Note that the local theory with action (4.6) has an underlying, holomorphic, (twisted)
N = 2 superconformal structure as follows. Firstly, the action is invariant under the following
field transformations
δψi = ψi, δψ i¯z = −ψ
i¯
z , and δφ
i = ψi, δψ i¯z = −∂zφ
i¯, (4.7)
where the corresponding conserved currents are given by the dimension one, bosonic and
fermionic operators Ĵ(z) and Q̂(z) respectively. They can be written as
Ĵ(z) = δij¯ψ
j¯
zψ
i and Q̂(z) = δij¯ψ
i∂zφ
j¯ . (4.8)
Note that we also have the relation [Q̂, Ĵ(z)] = −Q̂(z), where Q̂ is the charge of the current
Q̂(z). Secondly, the conserved, holomorphic stress tensor is given by
T̂ (z) = −δij¯∂zφ
i∂zφ
j¯ − δij¯ψ
j¯
z∂zψ
i, (4.9)
where one can derive another conserved, fermionic current Ĝ(z), such that T̂ (z) = {Q̂, Ĝ(z)},
and
Ĝ(z) = δij¯ψ
j¯
z∂zφ
i. (4.10)
One can verify that the G-invariant operators Ĵ(z), Q̂(z), T̂ (z) and Ĝ(z) satisfy the same
OPE relations as that satisfied by J(z), Q(z), T (z) and G(z) in (2.17). In other words, they
furnish the same (twisted) N = 2 superconformal algebra satisfied by J(z), Q(z), T (z) and
G(z) of the global version of the classical half-twisted sigma model with action S. Ĵ(z),
Q̂(z), T̂ (z) and Ĝ(z) are local versions of J(z), Q(z), T (z) and G(z) respectively. Hence, if
there is no obstruction to a global definition of Ĵ(z), Q̂(z), T̂ (z) and Ĝ(z) in the quantum
theory, the symmetries associated with J(z), Q(z), T (z) and G(z) will persist in the non-
linear half-twisted sigma model at the quantum level. Another way to see this is to first
notice that J(z), Q(z), T (z) and G(z) are G-invariant ψ i¯-independent operators and as such,
will correspond to classes in H0(X, Â)G (from our QR-Cech cohomology dictionary). Hence,
these operators will exist in the untwisted sector of the QR-cohomology of the half-twisted
orbifold sigma model on X/G if they exist as G-invariant global sections of Â.
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The bc-βγ System
Now, let us set βi = δij¯∂zφ
j¯ and γi = φi, whereby βi and γ
i are bosonic operators of di-
mension (1, 0) and (0, 0) respectively. Next, let us set δij¯ψ
j¯
z = bi and ψ
i = ci, whereby bi and c
i
are fermionic operators of dimension (1, 0) and (0, 0) accordingly. Then, the untwisted oper-
ators in the QR-cohomology that are regular in U can be represented by arbitrary local func-
tions of the form F̂(γi, ∂zγ
i, ∂2zγ
i, . . . , βi, ∂zβ
i, ∂2zβ
i, . . . , bi, ∂zb
i, ∂2zb
i, . . . , ci, ∂zc
i, ∂2zc
i, . . . ) in
the fields β, γ, b and c. The operators β and γ have the operator products of a standard βγ
system. The products β · β and γ · γ are non-singular, while
βi(z)γ
j(z′) = −
δij
z − z′
+ regular. (4.11)
Similarly, the operators b and c have the operator products of a standard bc system. The
products b · b and c · c are non-singular, while
bi(z)c
j(z′) =
δij
z − z′
+ regular. (4.12)
These statements can be deduced from the flat action (4.6) by standard methods. We can
write down an action for the fields β, γ, b and c, regarded as free elementary fields, which
reproduces these OPE’s. It is simply the following action of a bc-βγ system:
Ibc-βγ =
1
2π
∫
|d2z|
∑
i
(
βi∂z¯γ
i + bi∂z¯c
i
)
. (4.13)
Hence, we find that the local (i.e. flat) bc-βγ system above reproduces the QR-cohomology
of ψ i¯-independent operators of the half-twisted sigma model on U , that is, the local sections
of the sheaf Â.
At this point, one can make some important observations about the relationship between
the symmetries of the local half-twisted sigma model with action (4.6), and the symmetries
of the local version of the bc-βγ system above. Note that the free bc-βγ action (4.13) is
invariant under the following field variations
δci = ci, δbi = −bi, and δγ
i = ci, δbi = −βi, (4.14)
where the corresponding conserved, bosonic and fermionic currents will be given by J (z)
and Q(z) respectively. They can be written as
J (z) = bic
i, and Q(z) = βic
i. (4.15)
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In addition, we have the relation [Q,J (z)] = −Q(z), where Q is the charge of the current
Q(z). The action is also invariant under
δci = ∂zγ
i, and δβi = ∂zbi, (4.16)
where the corresponding conserved, fermionic current will be given by
G(z) = bi∂zγ
i. (4.17)
Finally, the stress tensor of the local bc-βγ system is
T (z) = −βi∂zγ
i − bi∂zc
i, (4.18)
where we also have the relation {Q,G(z)} = T (z). (Note that we have omitted the normal-
ordering symbol in writing the above conserved currents and tensor.) One can verify that
just like the operators Ĵ(z), Q̂(z), Ĝ(z) and T̂ (z), the operators J (z), Q(z), G(z) and T (z)
generate a holomorphic, (twisted) N = 2 superconformal algebra. In fact, via the respective
identification of the fields βi and γ
i with δij¯∂zφ
j¯ and φi, ψzi and ψ
i with bi and c
i, we find
that Ĵ(z), Q̂(z), T̂ (z) and Ĝ(z) coincide with J (z), Q(z), T (z) and G(z) respectively. This
observation will be important in sections 5.1 and 5.2, when we consider explicit examples.
One may now ask the following question: does the bc-βγ system reproduce the QR-
cohomology of ψ i¯-independent operators globally on X , or only in a small open set U? Well,
the bc-βγ system will certainly reproduce the QR-cohomology of ψ
i¯-independent operators
globally on X if there is no obstruction to defining the system globally on X , i.e., one
finds, after making global sense of the action (4.13), that the corresponding theory remains
anomaly-free. Let’s look at this more closely.
First and foremost, the classical action (4.13) makes sense globally if we interpret the
bosonic fields β, γ, and the fermionic fields b, c, correctly. γi defines a map γ : Σ→ X , and
βi is a (1, 0)-form on Σ with values in the pull-back γ
∗(T ∗X). The fermionic field ci is a
scalar on Σ with values in the pull-back γ∗(TX), while the fermionic field bi is a (1, 0)-form
on Σ with values in the pull-back γ∗(T ∗X). With this interpretation, the global version of
(4.13) becomes the action of what one might call a non-linear bc-βγ system. However, by
choosing γi to be local coordinates on a small open set U ⊂ X , and ci to be local sections of
the pull-back γ∗(TX) over U , one can make the action linear. In other words, a local version
of (4.13) as considered earlier represents the action of a linear bc-βγ system. To the best
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of the author’s knowledge, the non-linear bc-βγ system with action (4.13) does not seem to
have been studied anywhere in the physics literature. Nevertheless, the results derived in
this paper will definitely serve to provide additional insights into future problems involving
the application of this non-linear bc-βγ system.
Now that we have made global sense of the action of the bc-βγ system at the classical
level, we move on to discuss what happens at the quantum level. The vanishing anomalies of
the half-twisted sigma model can also be demonstrated in the nonlinear bc-βγ system. Ex-
pand around a classical solution of the nonlinear bc-βγ system, represented by a holomorphic
map γ0 : Σ→ X , and a section c0 of the pull-back γ
∗
0(TX). Setting γ = γ0+γ
′, and c = c0+c
′,
the action, expanded to quadratic order about this solution, is (1/2π)
[
(β,Dγ′) + (b,Dc′)
]
.
γ′, being a deformation of the coordinate γ0 on X , is a section of the pull-back γ
∗
0(TX).
Thus, the kinetic operator of the β and γ fields is the D operator on sections of γ∗0(TX).
Next, since c′ is a deformation of c0, it will be a section of the pull-back γ
∗
0(TX). The kinetic
operator of the b and c fields is therefore the D operator on sections of γ∗0(TX). Thus, the
kinetic operator of the βγ fields is the same as the kinetic operator of the bc fields. However,
there is a sign change in the anomaly that is associated to the kinetic operator of the βγ fields
as these fields are bosonic rather than fermionic. Hence, the anomalies cancel out, and the
non-linear bc-βγ system has vanishing anomalies, consistent with the underlying half-twisted
sigma model. Thus, the bc-βγ system will reproduce the QR-cohomology of ψ
i¯-independent
operators globally on X . In other words, one can always find a global section of Â.
Via the identification of the various fields mentioned above, and the ghost symmetry of
the local action (4.6), we see that the left-moving fields bi and c
i will have ghost numbers
gL = −1 and gL = 1 respectively. However, note that the bc-βγ system lacks the presence
of right-moving fermions and thus, the right-moving ghost number gR carried by the fields
ψiz¯ and ψ
i¯ of the underlying half-twisted sigma model. Locally, the QR-cohomology of the
sigma model is non-vanishing only for gR = 0. Globally however, there can generically be
cohomology in higher degrees. Since the chiral algebra of operators furnished by the linear bc-
βγ system gives the correct description of the QR-cohomology of ψ
i¯-independent operators
on U , one can then expect the globally-defined chiral algebra of operators furnished by
the non-linear bc-βγ system to correctly describe the QR-cohomology classes of zero degree
(i.e. gR = 0) on X . How then can one use the non-linear bc-βγ system to describe the
higher cohomology? The answer lies in the analysis carried out in section 4.2. In the bc-βγ
description, we do not have a close analog of ∂¯ cohomology at our convenience. Nevertheless,
we can use the more abstract notion of Cech cohomology. As before, we begin with a good
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cover of X by small open sets {Ua}, and, as explained in section 4.2, we can then describe
the QR-cohomology classes of positive degree (i.e. gR > 0) by Cech gR-cocycles, i.e., they
can be described by the gthR Cech cohomology of the sheaf Â of the chiral algebra of the
linear bc-βγ system with action being a linearised version of (4.13). Thus, these operators
in the untwisted sector of the QR-cohomology of the half-twisted orbifold model on X/G,
correspond to G-invariant classes in the gthR Cech cohomology group of the sheaf Â. Although
unusual from a physicist’s perspective, this Cech cohomology approach has been taken as a
starting point for the present subject in the mathematical literature [1].
The Sheaf Âg on X
The discussion involving the sheaf Âg is similar. One just needs to consider the
twisted fields φi,g, φi¯,g, ψi,g, ψgzi, ψ
i¯,g and ψg
z¯i¯
instead, and apply the same arguments
above. In doing so, we find that the QR-invariant, twisted operators are of the form
F̂ g(φi,g, ∂zφ
i,g, . . . ; ∂zφ
i¯,g, ∂2zφ
i¯,g, . . . ;ψgzi, ∂zψ
g
zi, ∂
2
zψ
g
zi, . . . ;ψ
i,g, ∂zψ
i,g, ∂2zψ
i,g, . . . ). Thus, the
local sections of Âg are just given by the twisted operators in the QR-cohomology of the
local, half-twisted sigma model on U with action (4.6).
Since the twist commutes with the worldsheet supersymmetries, one can also obtain, as
in the previous discussion on Â involving untwisted fields, the following G-invariant conserved
currents and tensors in terms of twisted fields:
Ĵg(z) = δij¯ψ
j¯,g
z ψ
i,g + Fgz
−1, (4.19)
Q̂g(z) = δij¯ψ
i,g∂zφ
j¯,g, (4.20)
T̂ g(z) = −δij¯∂zφ
i,g∂zφ
j¯,g − δij¯ψ
j¯,g
z ∂zψ
i,g, (4.21)
Ĝg(z) = δij¯ψ
j¯,g
z ∂zφ
i,g, (4.22)
where the additional term of Fgz
−1 in Ĵg(z) is to account for the shift in the value of gL in the
twisted sector. One can verify that Ĵg(z), Q̂g(z), T̂ g(z) and Ĝg(z) satisfy the same (twisted)
N = 2 superconformal OPE algebra relations as that satisfied by Jg(z), Qg(z), T g(z) and
Gg(z) of the global version of the classical half-twisted sigma model. Ĵg(z), Q̂g(z), T̂ g(z) and
Ĝg(z) are local versions of Jg(z), Qg(z), T g(z) and Gg(z) respectively. Hence, if there is no
obstruction to a global definition of Ĵg(z), Q̂g(z), T̂ g(z) and Ĝg(z) in the quantum theory,
the twisted N = 2 superconformal structure associated with Jg(z), Qg(z), T g(z) and Gg(z)
will persist in the non-linear half-twisted sigma model at the quantum level. Since Jg(z),
Qg(z), T g(z) and Gg(z) are G-invariant ψ i¯,g-independent operators, they will correspond to
classes in H0(X, Âg)G (from our QR-Cech cohomology dictionary). Hence, these operators
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will exist in the twisted sectors of the QR-cohomology of the half-twisted orbifold sigma
model on X/G if they exist as G-invariant global sections of Âg.
Next, let us set βgi = δij¯∂zφ
j¯,g = ∂zφ
g
i and γ
i,g = φi,g, whereby βgi and γ
i,g are twisted ver-
sions of the bosonic operators βi and γ
i of dimension (1, 0) and (0, 0) respectively. Next, let us
set δij¯ψ
j¯,g
z = ψ
g
zi = b
g
i and ψ
i,g = ci,g, whereby bgi and c
i,g are twisted versions of the fermionic
operators bi and c
i of dimension (1, 0) and (0, 0) accordingly. Then, the twisted operators
in the QR-cohomology that are regular in U can be represented by arbitrary local functions in
the fields βg, γg, bg and cg of the form F̂ g(γi,g, ∂zγ
i,g, ∂2zγ
i,g, . . . , βi,g, ∂zβ
i,g, ∂2zβ
i,g, . . . , bi,g, ∂zb
i,g,
∂2z b
i,g, . . . , ci,g, ∂zc
i,g, ∂2zc
i,g, . . . ). The twist condition and mode expansion in (3.6) and (3.9)
tells us that
γj,g(e2piiz) = e−2piiθjγj,g(z), βgj (e
2piiz) = e2piiθjβgj (z), (4.23)
and that
γj,g(z) =
∑
m∈ θj+Z
γjm
zm
, βgj (z) =
∑
m∈−θj+Z
βjm
zm+1
. (4.24)
Note that the twisted mode expansions in (4.24) have also been derived via a purely mathe-
matical approach in section 4.3 of [1] using Li’s results in [20]. In addition, one can see from
(4.23) that βgi and γ
i,g have opposite twists. The βg and γg twisted fields will therefore have
the operator products of a standard βγ system:
βgi (z)γ
j,g(z′) = −
δij
z − z′
+ regular. (4.25)
Similarly, from the twist conditions and mode expansions in (3.7) and (3.11), we find that
cj,g(e2piiz) = e−2piiθjcj,g(z), bgj (e
2piiz) = e2piiθjbgj (z), (4.26)
and that
cj,g(z) =
∑
m∈ θj+Z
cjm
zm
, bgj (z) =
∑
m∈−θj+Z
bjm
zm+1
. (4.27)
Note that the twisted mode expansions in (4.27) have also been derived via a purely mathe-
matical approach in section 4.3 of [1] using Li’s results in [20]. In addition, one can see from
(4.26) that bgi and c
i,g have opposite twists. The bg and cg twisted fields will therefore have
the operator products of a standard bc system:
bgi (z)c
j,g(z′) =
δij
z − z′
+ regular, (4.28)
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while the OPE’s βgi (z) · β
g
i (z
′), γi,g(z) · γi,g(z′), bgi (z) · b
g
i (z
′) and ci,g(z) · ci,g(z′) are non-
singular.15 Hence, we find that the twisted sector of the linear bc-βγ system reproduces the
QR-cohomology of ψ
i¯,g-independent operators of the half-twisted sigma model on U , that is,
the local sections of the sheaf Âg.
One can also construct the following conserved currents and tensors from the twisted
fields βg, γg, bg and cg. They can be written as follows:
J g(z) = bgi c
i,g + Fgz
−1, (4.29)
Qg(z) = βgi c
i,g, (4.30)
T g(z) = −βgi ∂zγ
i,g − bgi ∂zc
i,g, (4.31)
Gg(z) = bgi ∂zγ
i,g. (4.32)
(Note that we have again omitted the normal-ordering symbol in writing the above conserved
currents and tensor for notational convenience.) The additional term of Fgz
−1 in J g(z) is
to account for the shift in the fermion number of the vacuum of the twisted sector in the
bc-βγ system. Via the respective identification of the fields βgi and γ
i,g with δij¯∂zφ
j¯,g and
φi,g, ψgzi and ψ
i,g with bgi and c
i,g, we find that Ĵg(z), Q̂g(z), T̂ g(z) and Ĝg(z) coincide with
J g(z), Qg(z), T g(z) and Gg(z) respectively, and thus furnish a holomorphic, (twisted) N = 2
superconformal structure. This observation will be important in sections 5.1 and 5.2, when
we consider explicit examples.
Note that the operators J g(z), Qg(z), T g(z) and Gg(z) have also been obtained using
an entirely different approach in the mathematical literature [1] using Li’s twisted iterate
formula [20]. Moreover, it has also been argued in [1] that these operators satisfy the OPE’s
of a (twisted) N = 2 superconformal algebra.
As explained earlier, the global, non-linear bc-βγ system is anomaly-free. This means
that one can always find a global section of the sheaf Âg. In addition, based on a similar
explanation regarding the untwisted operators in the QR-cohomology of the half-twisted
model onX , we find that the twisted operators with gR = k+Fg (i.e., those which correspond
to (0, k)-forms with values in a tensor product bundle over X) can be described by Cech
k-cocycles, that is, they can be described by the kth Cech cohomology of the sheaf Âg of
the twisted chiral algebra of the linear bc-βγ system with action being a linearised version of
(4.13). Thus, these operators in the twisted sector of the QR-cohomology of the half-twisted
orbifold model on X/G, correspond to G-invariant classes in the kth Cech cohomology group
15As long as z′ is not at the origin where the twist fields are, the OPE’s will be regular as z → z′. The
author wishes to thank L. Dixon for clarifying this point.
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of the sheaf Âg. This Cech cohomology approach for the twisted sector has also been taken
as a starting point for the present subject in the mathematical literature [1].
4.4. Local Symmetries
So far, we have obtained an understanding of the local structure of the sheaves Â and
Âg via the free, linear bc-βγ system on an open set U ⊂ X . We shall now proceed towards
our real objective of obtaining an understanding of its global structure. In order to do, we
will need to glue the local descriptions that we have studied above together.
To this end, we must first cover X by small open sets {Ua}. Recall here that in each
Ua, the QR-cohomology of the half-twisted model is described by the local operators in the
chiral algebra of the free, linear bc-βγ system on Ua. Next, we will need to glue these local
descriptions together over the intersections {Ua ∩Ub}, so as to describe the global structure
of this QR-cohomology in terms of a globally-defined sheaf of chiral algebras over the entire
manifold X .
Note that the gluing has to be carried out using the automorphisms of the free, linear
bc-βγ system. Thus, one must first ascertain the underlying symmetries of the system, which
are in turn divided into geometrical and non-geometrical symmetries. The geometrical sym-
metries are used in gluing together the local sets {(TX)f×Ua} into the entire tangent bundle
TX , where (TX)f just denotes the fibre of the tangent bundle over Ua. The non-geometrical
symmetries on the other hand, are used in gluing the local descriptions at the algebraic level.
However, in the case of the half-twisted A-model where one has vanishing anomalies, we only
need to consider the geometrical symmetries in gluing the local descriptions together. This
has been explained in [10] and shown to be consistent with the mathematical results of [2].
As usual, the generators of these geometrical symmetries will be given by the charges
of the conserved currents of the free bc-βγ system. In turn, these generators will furnish
the Lie algebra h of the geometrical symmetry group. Let the elements of h be written as
h = (v, f), where v generates the geometrical symmetries of U , while f generates the fibre
space symmetries of the tangent bundle over U . Since the conserved charges must also be
conformally-invariant, it will mean that an element of h must be given by an integral of a
dimension one current, modulo total derivatives.
Gluing the Local Descriptions of the Untwisted Sector
With the above considerations in mind, let us construct the dimension one currents
of the free bc-βγ system in the untwisted sector. Firstly, if we have a holomorphic vector
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field V on X where V = V i(γ) ∂
∂γi
, we can construct a dimension one current JV = −V
iβi.
The corresponding conserved charge is then given by KV =
∮
JV dz. A computation of the
operator product expansion with the elementary fields γ gives
JV (z)γ
k(z′) ∼
V k(z′)
z − z′
. (4.33)
Under the symmetry transformation generated by KV , we have δγ
k = iǫ[KV , γ
k], where ǫ is
a infinitesinal transformation parameter. Thus, we see from (4.33) that KV generates the
infinitesimal diffeomorphism δγk = iǫV k of U . In other words, KV generates the holomorphic
diffeomorphisms of the target space X . Therefore, KV spans the v subset of h. For finite
diffeomorphisms, we will have a coordinate transformation γ˜k = gk(γ), where each gk(γ) is
a holomorphic function in the γks. Since we are using the symmetries of the bc-βγ system
to glue the local descriptions over the intersections {Ua ∩ Ub}, on an arbitrary intersection
Ua ∩ Ub, γ
k and γ˜k must be defined in Ua and Ub respectively.
Next, let [t(γ)] be an arbitrary N × N matrix over X (where N = dimCX) whose
components are holomorphic functions in γ. One can then construct a dimension one current
involving the fermionic fields b and c as JF = c
m[t(γ)]m
nbn, where the indices m and n on the
matrix [t(γ)] denote its (m,n) component, and m,n = 1, 2, . . . , dimCX . The corresponding
conserved charge is thus given by KF =
∮
JFdz. A computation of the operator product
expansion with the elementary fields c gives
JF (z)c
n(z′) ∼
cm(z′)tm
n
z − z′
, (4.34)
while a computation of the operator product expansion with the elementary fields b gives
JF (z)bn(z
′) ∼ −
tn
mbm(z
′)
z − z′
. (4.35)
Under the symmetry transformation generated by KF , we have δc
n = iǫ[KF , c
n] and δbn =
iǫ[KF , bn]. Hence, we see from (4.34) and (4.35) that KF generates the infinitesimal trans-
formations δcn = iǫcmtm
n and δbn = −iǫtn
mbm. For finite transformations, we will have
c˜n = cmAm
n and b˜n = (A
−1)n
mbm, where A is an N × N matrix holomorphic in γ and is
given by [A(γ)] = eiα[t(γ)], where α is a finite transformation parameter. As before, since
we are using the symmetries of the free, linear bc-βγ system to glue the local descriptions
over the intersections {Ua ∩ Ub}, on an arbitrary intersection Ua ∩ Ub, (c
n, bn) and (c˜
n, b˜n)
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must be defined in Ua and Ub respectively. Recall at this point that the c
n’s transform
as holomorphic sections of the pull-back γ∗(TX), while the bn’s transform as holomorphic
sections of the pull-back γ∗(T ∗X). Moreover, note that the transition function matrix of a
dual bundle is simply the inverse of the transition function matrix of the original bundle.
This means that we can consistently identify [A(γ)] as the holomorphic transition matrix of
the tangent bundle TX , i.e., [A(γ)]m
n = ∂γ˜n/∂γm and [A−1(γ)]m
n = ∂γn/∂γ˜m, and that
KF spans the f subset of h. It is thus clear from the discussion so far how one can use
the geometrical symmetries generated by KV and KF to glue the local sets {(TX)f × Ua}
together on intersections of small open sets to form the entire bundle TX .
Let us now describe how the different fields of the free, linear bc-βγ system on U
transform under the geometrical symmetries generated by KH = KV + KF of h. Firstly,
note that the symmetries generated by KF act trivially on the γ fields, i.e., the γ fields
have non-singular OPE’s with JF . Secondly, note that the symmetries generated by KV act
trivially on both the b and c fields, i.e., the b and c fields have non-singular OPEs with JV .
As for the β fields, they transform non-trivially under all the symmetries, i.e., the OPE’s of
the β fields with JV and JF all contain simple poles. In summary, via a computation of the
relevant OPE’s, we find that the fields transform under the geometrical symmetries of the
free, linear bc-βγ system on U as follows:
γ˜i = gi(γ), (4.36)
β˜i =
∂γk
∂γ˜i
βk +
∂2γl
∂γ˜i∂γ˜j
∂γ˜j
∂γk
blc
k, (4.37)
c˜i =
∂γ˜i
∂γk
ck, (4.38)
b˜i =
∂γk
∂γ˜i
bk, (4.39)
where i, j, k, l = 1, 2, . . . , dimCX . We thus conclude that in the untwisted sector, the un-
twisted fields must undergo the above transformations (4.36)-(4.39) when we glue a local
description of the untwisted sector (in a small open set) to another local description of the
untwisted sector (in another small open set) on the mutual intersection of open sets using
the automorphisms of the free, linear bc-βγ system.
Gluing the Local Descriptions of the Twisted Sectors
Likewise, one can also construct dimension one currents in the twisted sectors of the
free bc-βγ system by using twisted fields in place of the untwisted ones. Therefore, if we
have a holomorphic vector field V g on X , where V g = V i,g(γg) ∂
∂γi,g
, we can construct a
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dimension one current JgV = −V
i,gβgi . The corresponding conserved charge is then given
by KgV =
∮
JgV dz. A computation of the operator product expansion with the elementary
twisted fields γg gives
JgV (z)γ
k,g(z′) ∼
V k,g(z′)
z − z′
. (4.40)
Under the symmetry transformation generated by KgV , we have δγ
k,g = iǫ[KgV , γ
k,g], where ǫ
is a infinitesinal transformation parameter. Thus, we see from (4.40) that KgV generates the
infinitesimal diffeomorphism δγk = iǫV k on U . For finite diffeomorphisms, we will have a
coordinate transformation γ˜k,g = gk,g(γg), where each gk,g(γg) is a holomorphic function in
the γk,gs. Since we are using the symmetries of the bc-βγ system to glue the local descriptions
over the intersections {Ua ∩ Ub}, on an arbitrary intersection Ua ∩ Ub, γ
k,g and γ˜k,g must be
defined in Ua and Ub respectively.
Analogous to the untwisted case, let [t¯(γg)] be an arbitrary N×N matrix over X whose
components are holomorphic functions in γg. One can then construct a dimension one current
involving the twisted fermionic fields bg and cg as JgF = c
m,g[t¯(γg)]m
nbgn, where the indices
m and n on the matrix [t¯(γg)] denote its (m,n) component, and m,n = 1, 2, . . . , dimCX .
The corresponding conserved charge is then given by KgF =
∮
JgFdz. A computation of the
operator product expansion with the elementary twisted fields cg gives
JgF (z)c
n,g(z′) ∼
cm,g(z′)t¯m
n
z − z′
, (4.41)
while a computation of the operator product expansion with the elementary twisted fields
bg gives
JgF (z)b
g
n(z
′) ∼ −
t¯n
mbgm(z
′)
z − z′
. (4.42)
Under the symmetry transformation generated by KgF , we have δc
n,g = iǫ[KgF , c
n,g] and
δbgn = iǫ[K
g
F , b
g
n]. Hence, we see from (4.41) and (4.42) that K
g
F generates the infinitesimal
transformations δcn,g = iǫcm,g t¯m
n and δbgn = −iǫt¯n
mbgm. For finite transformations, we will
have c˜n,g = cm,gA¯m
n and b˜gn = (A¯
−1)n
mbgm, where A¯ is an N×N matrix holomorphic in γ
g and
is given by [A¯(γ)] = eiα[t¯(γ)], where α is a finite transformation parameter. As before, since
we are using the symmetries of the free, linear bc-βγ system to glue the local descriptions
over the intersections {Ua ∩Ub}, on an arbitrary intersection Ua ∩Ub, (c
n,g, bgn) and (c˜
n,g, b˜gn)
must be defined in Ua and Ub respectively. Similar to the untwisted case, since the c
n,g’s
transform as holomorphic sections of the pull-back γ∗(TX), while the bgn’s transform as
holomorphic sections of the pull-back γ∗(T ∗X), we can consistently identify [A¯(γg)] as the
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holomorphic transition matrix (in the twisted γi,g coordinates) of the tangent bundle TX ,
i.e., [A¯(γg)]m
n = ∂γ˜n,g/∂γm,g and [A¯−1(γg)]m
n = ∂γn,g/∂γ˜m,g .
Let us now describe how the different twisted fields of the free, linear bc-βγ system
on U transform under the geometrical symmetries generated by KgH = K
g
V + K
g
F . Firstly,
note that the symmetries generated by KgF act trivially on the γ
g fields, i.e., the γg fields
have non-singular OPE’s with JgF . Secondly, note that the symmetries generated by K
g
V act
trivially on both the bg and cg fields, i.e., the bg and cg fields have non-singular OPE’s with
JgV . As for the β
g fields, they transform non-trivially under the symmetries generated by
both KgV and K
g
F , i.e., the OPE’s of the β fields with J
g
V and J
g
F all contain simple poles. In
summary, via a computation of the relevant OPE’s, we find that the twisted fields transform
under the geometrical symmetries (generated by the twisted charges KgH) of the free, linear
bc-βγ system on U as follows:
γ˜i,g = gi(γg), (4.43)
β˜gi =
∂γk,g
∂γ˜i,g
βgk +
∂2γl,g
∂γ˜i,g∂γ˜j,g
∂γ˜j,g
∂γk,g
bgl c
k,g, (4.44)
c˜i,g =
∂γ˜i,g
∂γk,g
ck,g, (4.45)
b˜gi =
∂γk,g
∂γ˜i,g
bgk, (4.46)
where i, j, k, l = 1, 2, . . . , dimCX . We thus conclude that in the twisted sectors, the twisted
fields must undergo the above transformations (4.43)-(4.46) when we glue a local description
of the g-twisted sector (in a small open set) to another local description of the g-twisted sector
(in another small open set) on the mutual intersection of open sets using the automorphisms
of the free, linear bc-βγ system.
4.5. The Sheaves Ω̂chX and Ω̂
ch,g
X on X
Note that in computing (4.36)-(4.39), we have just rederived, from a purely physical
perspective, the set of field transformations (3.17a)-(3.17d) of [2], which define the admissible
automorphisms of a sheaf of conformal vertex superalgebras mathematically known as the
chiral de Rham complex! Hence, we learn that Â is the sheaf Ω̂chX of chiral de Rham complex
on X .
In addition, this also means that the set of twisted field transformations (4.43)-(4.46)
will define the admissible automorphisms of a twisted version of the sheaf of chiral de Rham
complex on X . Hence, we learn that Âg is the sheaf Ω̂ch,gX of the g-twisted chiral de Rham
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complex on X defined in [1]. In other words, the sheaf Ω̂ch,gX over X is given by H
0(X, Âg).
Recall from our QR-Cech cohomology dictionary that the global sections H
0(X, Âg)
correspond to g-twisted observables in the QR-cohomology of the half-twisted model on
X . Thus, from the discussion in section 4.1, we find that H0(X, Âg) is supported on Xg,
the fixed-point set of X/G. This physical observation is consistent with the mathematical
definition of Ω̂ch,gX in [1] as a sheaf supported on Xg. There is no condition of this sort on
untwisted observables, and the sheaf Ω̂chX continues to be supported on all of X .
Another observation that one can make, based on the fact that Ω̂ch,gX is a sheaf supported
on Xg, is that V
g (of section 4.4) is actually a holomorphic vector field along Xg. Since the
G-action maps all of Xg to itself, it will mean that the components of V
g will be invariant
under the action of G, i.e., V g is a g-invariant, holomorphic vector field along Xg. This
observation is consistent with the mathematical construction in section 4.6 of [1].
Last but not least, note that if c1(X) = 0, one has a state-operator isomorphism of the
half-twisted A-model on X . This means that the Hilbert space of g-twisted states in the
sigma model on X , i.e., Hg, can be represented by its space of local, g-twisted, QR-closed
operators. Therefore, the Hilbert space of states in the g-twisted sector of the orbifold sigma
model on X/G, i.e., HGg , can be represented by the G-invariant subspace of g-twisted, QR-
closed, local operators in the sigma model on X . This G-invariant subspace corresponds to
the set of physical operators in the chiral algebra AgG (elaborated in section 4.2). From the
vector space expansion of AgG in section 4.2, the identification of Â
g with Ω̂ch,gX , and the fact
that G = C(g) for an abelian orbifold considered in this paper, the isomorphism relation in
(3.15) translates to the statement that
dimCX⊕
k=0
Hk(X,Ωch,gX )
C(g) ∼=
dimCX⊕
k=0
Hk(X,Ωch,g
′
X )
C(g′). (4.47)
The above relation has also been proven from a purely mathematical approach in Theorem
4.3 of [1].
5. Examples of Sheaves of CDR
In this section, we study in detail, examples of sheaves of CDR and their cohomologies
by considering the half-twisted model on two different orbifolds. Our main objective is
to illustrate the rather abstract discussion in section 4. In the process, we will obtain an
interesting and novel understanding of the relevant physics in terms of pure mathematical
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data.
5.1. The Sheaves of CDR and the Half-Twisted A-Model on CP1/ZK
For our first example, we take X = CP1. In other words, we will be analysing the (G-
invariant) untwisted and twisted local operators in the QR-cohomology which respectively
span the chiral algebras AG and A
g
G of the half-twisted A-model on the orbifold X/G =
CP
1/ZK . To this end, we will work locally on the worldsheet Σ, choosing a local complex
parameter z.
Before we proceed further, recall that as vector spaces, AG and A
g
G can be expressed
as AG =
⊕
gR
HgR(X, Â)G and AgG =
⊕
gR−Fg
HgR−Fg(X, Âg)G. In addition, as explained in
section 4.5, Â and Âg are given by the sheaves ΩchX and Ω
ch,g
X respectively. Hence, in order
to study AG and A
g
G, one simply needs to study the G-invariant Cech cohomologies of the
sheaves Ω̂chX and Ω̂
ch,g
X on X .
To this end, first note that X = CP1 can be regarded as the complex γ-plane plus a
point at infinity. Thus, we can cover it by two open sets, U1 and U2, where U1 is the complex
γ-plane, and U2 is the complex γ˜-plane, where γ˜ = 1/γ.
Since U1 is isomorphic to C, the sheaves of CDR in U1 can be described by a single,
free bc-βγ system with action
I =
1
2π
∫
|d2z| β∂z¯γ + b∂z¯c. (5.1)
Here β, b, and c, γ, are fields of dimension (1, 0) and (0, 0) respectively. They obey the usual
free-field OPE’s; there are no singularities in the operator products β(z) · β(z′), b(z) · b(z′),
γ(z) · γ(z′) and c(z) · c(z′), while
β(z)γ(z′) ∼ −
1
z − z′
and b(z)c(z′) ∼
1
z − z′
. (5.2)
In a g-twisted sector, one must consider the g-twisted counterpart of the untwisted fields
above, i.e., βg, bg, and cg, γg, which are also of dimension (1, 0) and (0, 0) respectively.
They obey the usual free-field OPE’s; there are no singularities in the operator products
βg(z) · βg(z′), bg(z) · bg(z′), γg(z) · γg(z′) and cg(z) · cg(z′), while
βg(z)γg(z′) ∼ −
1
z − z′
and bg(z)cg(z′) ∼
1
z − z′
. (5.3)
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Similarly, the sheaves of CDR in U2 can be described by a single, free b˜c˜-β˜γ˜ system
with action
I =
1
2π
∫
|d2z| β˜∂z¯γ˜ + b˜∂z¯ c˜, (5.4)
where the fields β˜, b˜, γ˜ and c˜ obey the same OPE’s as β, b, γ and c. In other words, the
non-trivial OPE’s are given by
β˜(z)γ˜(z′) ∼ −
1
z − z′
and b˜(z)c˜(z′) ∼
1
z − z′
. (5.5)
Likewise, in a g-twisted sector, one must consider the g-twisted counterpart of the above
untwisted fields, i.e., β˜g, b˜g, γ˜g and c˜g. They obey the same OPE’s as βg, bg, and cg, γg. In
other words, the non-trivial OPE’s are given by
β˜g(z)γ˜g(z′) ∼ −
1
z − z′
and b˜g(z)c˜g(z′) ∼
1
z − z′
. (5.6)
In order to describe the globally-defined sheaves Ω̂ch
P1
and Ω̂ch,g
P1
of CDR on CP1, one
will need to glue the free conformal field theories with actions (5.1) and (5.4) in the overlap
region U1 ∩ U2. To do so, one must use the admissible automorphisms of the free conformal
field theories defined in (4.36)-(4.39) and (4.43)-(4.46) to glue respectively, the free-fields in
the untwisted and twisted sectors together. In the case of X = CP1, the automorphisms of
the untwisted sector will be given by
γ˜ =
1
γ
, (5.7)
β˜ = −γ2β − 2γbc, (5.8)
c˜ = −
c
γ2
, (5.9)
b˜ = −γ2b, (5.10)
while the automorphisms of a g-twisted sector will be given by
γ˜g =
1
γg
, (5.11)
β˜g = −(γg)2βg − 2γgbgcg, (5.12)
c˜g = −
cg
(γg)2
, (5.13)
b˜g = −(γg)2bg. (5.14)
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As explained in [10], since the half-twisted A-model on any smooth manifoldX has vanishing
anomalies, it will mean that there is no obstruction to the above gluing, and the sheaves
of CDR can be globally-defined on the target space CP1 (but only locally-defined on the
worldsheet Σ of the conformal field theory, because we are using a local complex parameter
z to define it).
ZK-Invariant Global Sections of Ω̂
ch
P1
Since X = CP1 is of complex dimension 1, the chiral algebra AZK will be given by
AZK =
⊕gR=1
gR=0
HgR(CP1, Ω̂ch
P1
)ZK as a vector space. Thus, in order to understand AZK ,
the chiral algebra in the untwisted sector of the half-twisted orbifold model on CP1/ZK ,
one needs to study H0(CP1, Ω̂ch
P1
)ZK , the ZK-invariant global sections of the sheaf Ω̂
ch
P1
, and
H1(CP1, Ω̂ch
P1
)ZK , the ZK-invariant first Cech cohomology of Ω̂
ch
P1
.
It will be useful to ascertain the action of ZK on the various fields before we proceed
any further. From (3.2)-(3.4), and the identifications β = ∂zφ, γ = φ, b = ψz and c = ψ,
we find that these fields will transform under the action of ZK as β → e
−2piiθβ, γ → e2piiθγ,
b→ e−2piiθb and c→ e2piiθc, where θ = m/K, and m = 0, 1, 2, . . . , K − 1.
Next, note that H0(CP1, Ω̂ch
P1
) has already been thoroughly analysed in [10]. For brevity,
we shall just quote the relevant results from [10]. To this end, let us denote Ωch
P1;n as the sheaf
of chiral de Rham complex on CP1 at dimension n, i.e., the corresponding chiral algebra Â
consists of dimension (n, 0) operators only.
In short, one finds that at dimension 0, H0(CP1, Ω̂ch
P1;0) is one-dimensional and generated
by 1. While at dimension 1, i.e., H0(CP1, Ω̂ch
P1;1), one has J− = −γ
2β − 2γbc, J+ = β,
J3 = γβ+bc, j− = −γ
2b, j+ = b and j3 = γb. It can be shown [10] that {J−, J+, J3, j−, j+, j3}
generate a super-affine algebra of SL(2) at level 0 in the Wakimoto free-field representation.
However, notice that only the generator 1, J3 and j3 are ZK-invariant. Hence, {1, J3, j3} ∈
H0(CP1, Ω̂ch
P1
)ZK , but {J−, J+, j−, j+, } /∈ H
0(CP1, Ω̂ch
P1
)ZK . Therefore, in contrast to the
situation observed in [10] of the half-twisted A-model on CP1, the subset of the infinite-
dimensional space of physical operators in the half-twisted A-model on the orbifold CP1/ZK
(represented by the G-invariant global sections of the sheaf Ωch
P1
) do not furnish a super-
affine algebra of SL(2). Note that the space of operators (in the untwisted sector) spanned
by {1, J3, j3} has a structure of a chiral algebra in the full physical sense; it obeys all the
physical axioms of a chiral algebra, including reparameterisation invariance on the z-plane
or worldsheet Σ. We will substantiate this last statement momentarily by showing that
the holomorphic stress tensor exists in the QR-cohomology of the half-twisted A-model on
CP
1/ZK .
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Still on the subject of global sections, recall from section 4.3 and our QR-Cech coho-
mology dictionary that in the untwisted sector, there will be ZK-invariant, ψ
i¯-independent
operators J(z), Q(z), T (z) and G(z) in the QR-cohomology of the underlying half-twisted
A-model on CP1/ZK if and only if the corresponding ZK-invariant operators Ĵ(z), Q̂(z),
T̂ (z) and Ĝ(z) can be globally-defined, i.e., the ZK-invariant operators J (z), Q(z), T (z)
and G(z) of the free bc-βγ system belong in H0(CP1, Ω̂ch
P1
)ZK - the space of ZK-invariant
global sections of Ω̂ch
P1
. Let’s look at this more closely.
For X = CP1, we have
J (z) = : bc : (z), (5.15)
Q(z) = : βc : (z), (5.16)
T (z) = − : β∂zγ : (z)− : b∂zc : (z), (5.17)
G(z) = : b∂zγ : (z), (5.18)
where the above operators are defined and regular in U1. Similarly, we also have
J˜ (z) = : b˜c˜ : (z), (5.19)
Q˜(z) = : β˜c˜ : (z), (5.20)
T˜ (z) = − : β˜∂z γ˜ : (z)− : b˜∂z c˜ : (z), (5.21)
G˜(z) = : b˜∂zγ˜ : (z), (5.22)
where the above operators are defined and regular in U2. By substituting the automorphism
relations (5.7)-(5.10) into (5.19)-(5.22), a small computation shows that in U1 ∩U2, we have
T˜ (z) = T (z), (5.23)
Q˜(z)−Q(z) = 2∂z
(
c
γ
)
(z), (5.24)
G˜(z) = G(z), (5.25)
J˜ (z)−J (z) = −2
(
∂zγ
γ
)
(z), (5.26)
where an operator that is a (ZK-invariant) global section of Ω̂
ch
P1
must agree in U1∩U2. Notice
that in U1∩U2, we have J˜ 6= J and Q˜ 6= Q. One can argue that there is no consistent way to
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modify J and J˜ , or Q and Q˜, so as to agree on U1∩U2.
16 Therefore, we conclude that T (z)
and G(z) belong in H0(CP1, Ω̂ch
P1
)ZK , while J (z) and Q(z) do not belong in H0(CP1, Ω̂ch
P1
)ZK .
This means that T (z) and G(z) are in the QR-cohomology of the underlying half-twisted A-
model on CP1/ZK , while J(z) and Q(z) are not. This last statement is in perfect agreement
with the physical picture presented in section 3.3, which in this case states that since CP1
is not Calabi-Yau, i.e., c1(CP
1) 6= 0, the symmetries associated with J(z) and Q(z) ought
to be broken so that J(z) and Q(z) cease to exist in the QR-cohomology at the quantum
level. Moreover, it is also explained in section 3.3, that the symmetries associated with T (z)
and G(z) are exact in quantum perturbation theory, and that these operators will remain in
the QR-cohomology at the quantum level. This just corresponds to the mathematical fact
that the sheaf Ω̂chX on any X has the structure of a conformal vertex superalgebra, such that
we will have T˜ = T and G˜ = G always, regardless of whether c1(X) vanishes or not. Via
(5.23)-(5.26), we have obtained a purely mathematical interpretation of a physical result
concerning the holomorphic structure of the underlying, ‘massive’ half-twisted A-model on
CP
1/ZK ; the reduction from an N = 2 to an N = 1 algebra in the holomorphic structure
of the half-twisted A-model on CP1/ZK , is due to an obstruction in gluing, on overlaps, the
(ZK-invariant) J (z)’s and Q(z)’s as (ZK-invariant) global sections of the sheaf Ω̂
ch
P1
.
One can go further to ascertain the relationship between the obstructing terms on the
RHS of (5.24) and (5.26), and the first Chern class c1(CP
1). One can then check to see
if there is any correlation between a non-vanishing obstruction and a non-zero first Chern
class of CP1, and vice-versa. To this end, one may substitute the automorphism relations
(4.36)-(4.39) into J˜ (z), Q˜(z), T˜ (z) and G˜(z), and compute that for any X [2]
T˜ (z) = T (z), (5.27)
Q˜(z)−Q(z) = ∂z
(
∂
∂γ˜k
[Tr ln(∂γi/∂γ˜j)]c˜k(z)
)
, (5.28)
G˜(z) = G(z), (5.29)
J˜ (z)−J (z) = ∂z
(
Tr ln(∂γ˜i/∂γj)
)
, (5.30)
16The only way to consistently modify J and J˜ so as to agree on U1 ∩ U2, is to shift them by a multiple
of the term (∂zγ)/γ = −(∂zγ˜)/γ˜. However, this term has a pole at both γ = 0 and γ˜ = 0. Thus, it
cannot be used to redefine J or J˜ (which has to be regular in U1 or U2 respectively). The only way to
consistently modify Q and Q˜ so as to agree on U1 ∩U2, is to shift them by a linear combination of the terms
(∂zc)/γ = −γ˜∂z(c˜/γ˜
2), and (c∂zγ)/γ
2 = (c˜∂zγ˜)/γ˜
2. Similarly, these terms have poles at both γ = 0 and
γ˜ = 0, and hence, cannot be used to redefine Q or Q˜ (which also has to be regular in U1 or U2 respectively).
This has previously been discussed in [10].
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where i, j, k = 1, . . . , dimCX . It has been shown in [2] that the terms on the RHS of
(5.28) and (5.30) vanish if and only if c1(X) = 0, whence the structure of the sheaf Ω̂
ch
X
is promoted to that of a topological vertex superalgebra, with G-invariant global sections
T (z), G(z), J (z) and Q(z) obeying the OPE’s in (2.17) of a holomorphic, (twisted) N = 2
superconformal algebra. Thus, the terms on the RHS of (5.24) and (5.26) indeed appear
because c1(CP
1) 6= 0. This observation provides a purely mathematical perspective on the
presence or absence of a holomorphic, (twisted) N = 2 superconformal structure in the
half-twisted A-model on an orbifold X/G, when X/G is Calabi-Yau or otherwise.
The ZK-Invariant First Cohomology of Ω̂
ch
P1
We shall now proceed to make a few comments about the ZK-invariant first cohomology
group H1(CP1, Ω̂ch
P1
)ZK . Once again, the first cohomology H1(CP1, Ω̂ch
P1
) has already been
analysed in [10]. Thus, for brevity, we shall just state the observations in [10] which will be
relevant to our present analysis.
In short, we find that H1(CP1, Ω̂ch
P1;0), the first cohomology group at dimension 0, must
be one-dimensional and generated by c. However, since c is not ZK-invariant, it will mean
that c /∈ H1(CP1, Ω̂ch
P1;0)
ZK , and therefore, H1(CP1, Ω̂ch
P1;0)
ZK vanishes. This is in contrast to
the first cohomology of the half-twisted A-model on CP1.
In dimension 1, we learn that because of (5.26), we have ∂zγ/γ /∈ H
1(CP1, Ω̂ch
P1;1) and
therefore, ∂zγ/γ /∈ H
1(CP1, Ω̂ch
P1;1)
ZK . Similarly, we learn that because of (5.24), we have
∂z(c/γ) /∈ H
1(CP1, Ω̂ch
P1;1) and therefore, ∂z(c/γ) /∈ H
1(CP1, Ω̂ch
P1;1)
ZK . From a purely physical
perspective, one can view these observations as due to quantum effects in perturbation theory.
It can be explained, using chiral Poincare´ duality [21], that since {J+, J−, J3, j+, j−, j3}
∈ H0(CP1, Ω̂ch
P1
), the space H1(CP1, Ω̂ch
P1
) is also a module for a super-affine algebra of SL(2)
at level 0 [10]. However, recall that we only have {1, J3, j3} ∈ H
0(CP1, Ω̂ch
P1
)ZK . Hence, in
contrast to the half-twisted A-model on CP1, the space H1(CP1, Ω̂ch
P1
)ZK is not a module for
a super-affine algebra of SL(2).
In dimension 2 and higher, we do not have relations that are analogous to (5.26) and
(5.24) in dimension 1. Thus, we could very well borrow the results from standard algebraic
geometry to ascertain the relevant operators of dimension 2 and higher in the first coho-
mology, and project onto ZK-invariant operators. We will omit the computation of these
operators for brevity.
ZK-Invariant Global Sections of Ω̂
ch,g
P1
Note that since X = CP1 is of complex dimension 1, the chiral algebra Ag
ZK
will be
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given by Ag
ZK
=
⊕k=1
l=0 H
l(CP1, Ω̂ch,g
P1
)ZK as a vector space, where l = gR−Fg. Thus, in order
to understand Ag
ZK
, the chiral algebra in the g-twisted sector of the half-twisted orbifold
model on CP1/ZK , one needs to study H
0(CP1, Ω̂ch,g
P1
)ZK , the ZK-invariant global sections of
the sheaf Ω̂ch,g
P1
, and H1(CP1, Ω̂ch,g
P1
)ZK , the ZK-invariant first Cech cohomology of Ω̂
ch,g
P1
.
Note that the action of ZK on the various twisted fields β
g, γg, bg and cg, is the same
as its action on the untwisted fields β, γ, b and c. Thus, we find that these twisted fields
will transform under the action of ZK as β
g → e−2piiθβg, γg → e2piiθγg, bg → e−2piiθbg and
cg → e2piiθcg, where θ = m/K, and m = 0, 1, 2, . . . , K − 1.
Next, note that the analysis of H0(CP1, Ω̂ch
P1
) in [10] depends purely on the automor-
phism relations in (5.7)-(5.10), and the target space interpretation of the fields β, γ, b and c,
i.e., the role of β, γ, b and c as worldsheet fields is irrelevant in determining the result that
{1, J−, J+, J3, j−, j+, j3} ∈ H
0(CP1, Ω̂ch
P1
) and therefore, only {1, J3, j3} ∈ H
0(CP1, Ω̂ch
P1
)ZK
while {J−, J+, j−, j+, } /∈ H
0(CP1, Ω̂ch
P1
)ZK . This means that even though the twisted fields
βg, γg, bg and cg have non-trivial monodromy on the worldsheet, they can be analysed in
just the same way as the untwisted fields. Thus, by applying the same arguments, noting
the fact that the automorphism relations in (5.11)-(5.14) involving the twisted fields are
the same as the automorphism relations in (5.7)-(5.10) involving the untwisted fields, and
the fact that the action of ZK on the twisted fields is the same, we find that even though
{1, Jg−, J
g
+, J
g
3 , j
g
−, j
g
+, j
g
3} ∈ H
0(CP1, Ω̂ch,g
P1
), one only has {1, Jg3 , j
g
3} ∈ H
0(CP1, Ω̂ch,g
P1
)ZK while
{Jg−, J
g
+, j
g
−, j
g
+, } /∈ H
0(CP1, Ω̂ch,g
P1
)ZK , where Jg− = −(γ
g)2βg − 2γgbgcg, J+ = β
g, Jg3 =
γgβg + bgcg, jg− = −(γ
g)2bg, jg+ = b
g and jg3 = γ
gbg. Note that in the twisted sector, the
space of operators spanned by {1, Jg3 , j
g
3} has a structure of a chiral algebra in the full phys-
ical sense; it obeys all the physical axioms of a chiral algebra, including reparameterisation
invariance on the z-plane or worldsheet Σ. We will substantiate this last statement shortly
by showing that the holomorphic stress tensor T g(z) exists in the QR-cohomology of the
half-twisted A-model on CP1/ZK .
Besides the above operators, one can also find other global sections. Recall from section
4.3 and our QR-Cech cohomology dictionary that in the twisted sector, there will be ZK-
invariant, ψ i¯,g-independent operators Jg(z), Qg(z), T g(z) and Gg(z) in the QR-cohomology of
the underlying half-twisted A-model on CP1/ZK if and only if the corresponding ZK-invariant
operators Ĵg(z), Q̂g(z), T̂ g(z) and Ĝg(z) can be globally-defined, i.e., the ZK-invariant op-
erators J g(z), Qg(z), T g(z) and Gg(z) of the free bc-βγ system belong in H0(CP1, Ω̂ch,g
P1
)ZK
- the space of ZK-invariant global sections of Ω̂
ch,g
P1
. Let’s look at this in greater detail.
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Note that for X = CP1, we have
J g(z) = : bgcg : (z) + Fgz
−1, (5.31)
Qg(z) = : βgcg : (z), (5.32)
T g(z) = − : βg∂zγ
g : (z)− : bg∂zc
g : (z), (5.33)
Gg(z) = : bg∂zγ
g : (z), (5.34)
where the above operators are defined and regular in U1. Similarly, we also have
J˜ g(z) = : b˜g c˜g : (z) + Fgz
−1, (5.35)
Q˜g(z) = : β˜g c˜g : (z), (5.36)
T˜ g(z) = − : β˜g∂z γ˜
g : (z)− : b˜g∂z c˜
g : (z), (5.37)
G˜g(z) = : b˜g∂zγ˜
g : (z), (5.38)
where the above operators are defined and regular in U2. By substituting the automorphism
relations (5.11)-(5.14) into (5.35)-(5.38), a small computation shows that in U1∩U2, we have
T˜ g(z) = T g(z), (5.39)
Q˜g(z)−Qg(z) = 2∂z
(
cg
γg
)
(z), (5.40)
G˜g(z) = Gg(z), (5.41)
J˜ g(z)−J g(z) = −2
(
∂zγ
g
γg
)
(z), (5.42)
where an operator that is a (ZK-invariant) global section of Ω̂
ch,g
P1
must agree in U1 ∩ U2.
Notice that in U1 ∩ U2, we have J˜
g 6= J g and Q˜g 6= Qg. One can again, one can argue
that there is no consistent way to modify J g and J˜ g, or Qg and Q˜g, so as to agree on
U1 ∩ U2. Therefore, we conclude that T
g(z) and Gg(z) belong in H0(CP1, Ω̂ch,g
P1
)ZK , while
J g(z) and Qg(z) do not belong in H0(CP1, Ω̂ch,g
P1
)ZK . This means that T g(z) and Gg(z) are
twisted sector operators in the QR-cohomology of the underlying half-twisted A-model on
CP
1/ZK , while J
g(z) and Q(z) are not. This last statement is in perfect agreement with
the physical picture presented in section 3.3, which in this case states that since CP1 is not
Calabi-Yau, i.e., c1(CP
1) 6= 0, the symmetries of the twisted sector, associated with Jg(z) and
Qg(z), will be broken such that Jg(z) and Qg(z) will cease to exist in the QR-cohomology
at the quantum level. Moreover, it is also explained in section 3.3, that the symmetries
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associated with T g(z) and Gg(z) are exact in quantum perturbation theory, and that these
operators will remain in the QR-cohomology at the quantum level. This just corresponds to
the mathematical fact that the sheaf Ω̂ch,gX on any X has a conformal vertex superalgebraic
structure, such that we will have T˜ g = T g and G˜g = Gg always, regardless of whether c1(X)
is zero or not. Via (5.39)-(5.42), we have obtained a purely mathematical interpretation of a
physical result concerning the holomorphic structure of the twisted sector in the underlying,
‘massive’ half-twisted A-model on CP1/ZK ; the reduction from a holomorphic N = 2 to a
holomorphic N = 1 structure in the twisted sectors of the half-twisted A-model on CP1/ZK ,
is due to an obstruction in gluing, on overlaps, the (ZK-invariant) J
g(z)’s and Qg(z)’s as
(ZK-invariant) global sections of the sheaf Ω̂
ch,g
P1
, which is a twisted version of the chiral de
Rham complex on CP1.
The above observation also provides a purely mathematical perspective on the presence
or absence of a holomorphic, twisted N = 2 superconformal structure in the twisted sectors
of the half-twisted A-model on an orbifold X/G, when X/G is Calabi-Yau or otherwise.
The ZK-Invariant First Cohomology of Ω̂
ch,g
P1
Let us now proceed to make a few comments about the ZK-invariant first cohomology
group H1(CP1, Ω̂ch,g
P1
)ZK . Once again, the role of β, γ, b and c as worldsheet fields is irrelevant
to the analysis of the first cohomology H1(CP1, Ω̂ch
P1
) in [10]; the analysis depends on their
target space interpretation only. Thus, even though the twisted fields βg, γg, bg and cg have
non-trivial monodromy on the worldsheet, they can be analysed in just the same way as the
untwisted fields where the first cohomology is concerned. Hence, the observations made in
[10] of H1(CP1, Ω̂ch
P1
) will apply equally to H1(CP1, Ω̂ch,g
P1
).
In summary, we find that in the twisted sector, H1(CP1, Ω̂ch,g
P1;0), the first cohomology
group at dimension 0, must be one-dimensional and generated by cg. However, since cg is
not ZK-invariant, it will mean that c
g /∈ H1(CP1, Ω̂ch,g
P1;0)
ZK , and therefore, H1(CP1, Ω̂ch,g
P1;0)
ZK
vanishes.
In dimension 1, we learn that because of (5.42), we have ∂zγ
g/γg /∈ H1(CP1, Ω̂ch,g
P1;1) and
therefore, ∂zγ
g/γg /∈ H1(CP1, Ω̂ch,g
P1;1)
ZK . Similarly, we learn that because of (5.40), we have
∂z(c
g/γg) /∈ H1(CP1, Ω̂ch,g
P1;1) and therefore, ∂z(c
g/γg) /∈ H1(CP1, Ω̂ch,g
P1;1)
ZK . Once again, from
a purely physical perspective, one can view these observations as due to quantum effects in
perturbation theory.
In dimension 2 and higher, we do not have relations that are analogous to (5.42) and
(5.40) in dimension 1. Therefore, we could very well borrow the results from standard
algebraic geometry to ascertain the relevant operators of dimension 2 and higher in the first
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cohomology, and project onto ZK-invariant operators. We will omit the computation of these
operators for brevity.
5.2. The Sheaves of CDR and the Model on (S3 × S1)/ZK
In our second and last example, we shall take X/G = (S3 × S1)/ZK , where S
3 × S1 is
a parellelisable manifold with vanishing first Chern class. In other words, the ZK-invariant,
global sections of the sheaves of CDR on S3×S1 which we will be constructing, must corre-
spond to operators in the chiral algebra (or alternatively, QR-cohomology) of an underlying
half-twisted A-model on (S3 × S1)/ZK that is “non-massive”. Thus, as per our discussion in
section 3.3, one can expect to find a holomorphic (twisted) N = 2 superconformal structure
that persists in the quantum theory.
Let us begin by noting that S3 × S1 can be expressed as (C2 − {0})/Z, where C2 has
coordinates v1, v2, and {0} is the origin in C2 (the point v1 = v2 = 0) which should be
removed before dividing by Z. Also, Z acts by vi → λnvi, where λ is a nonzero complex
number of modulus less than 1, and n is any integer. λ is a modulus of S3×S1 that we shall
keep fixed.
To construct the most basic sheaves of CDR with target X = S3 × S1 that correspond
to operators in the untwisted and twisted sectors, one simply defines the scalar coordinate
variables vi as free bosonic fields of spin 0, with conjugate spin 1 fields Vi. One will also need
to introduce fermionic fields wi of spin 0, with conjugate spin 1 fields Wi. Since S
3×S1 has
complex dimension 2, the index i in all fields will run from 1 to 2. Therefore, the free field
action that one must consider is given by
I =
1
2π
∫
|d2z|
(
V1∂¯v
1 + V2∂¯v
2 +W1∂¯w
1 +W2∂¯w
2
)
. (5.43)
Notice that the above V v-Ww system is just the usual βγ-bc system with nontrivial OPE’s
Vi(z)v
j(z′) ∼ −δij/(z − z
′) and Wi(z)w
j(z′) ∼ δij/(z − z
′). In a g-twisted sector, one needs
to consider the g-twisted fields vi,g, V gi , w
i,g and W gi , where the fields v
i,g, wi,g and V gi , W
g
i
have opposite twists. The non-trivial OPE’s are then given by V gi (z)v
j,g(z′) ∼ −δij/(z − z
′)
and W gi (z)w
j,g(z′) ∼ δij/(z − z
′).
In the above representation of S3×S1, the action of Z represents a geometrical symmetry
of the system. Thus, the only allowable operators spanning the space of global sections of the
sheaves Ω̂chX and Ω̂
ch,g
X on X = S
3 × S1, are those which are invariant under the finite action
of Z. Under this symmetry, vi and vi,g transform as vi → v˜i = λvi and vi,g → v˜i,g = λvi,g.
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In order to ascertain how the rest of the fields ought to transform under this symmetry, we
simply substitute vi and v˜i (noting that it is equivalent to γi and γ˜i respectively) into (4.36)-
(4.39), and substitute vi,g and v˜i,g (noting that it is equivalent to γi,g and γ˜i,g respectively)
into (4.43)-(4.46). In short, the operators in the untwisted sector which correspond to global
sections of Ω̂chX are those which are invariant under v
i → λvi, Vi → λ
−1Vi, w
i → λwi and
W i → λ−1W i, while the operators in the twisted sectors which correspond to global sections
of Ω̂ch,gX are those which are invariant under v
i,g → λvi,g, V gi → λ
−1V gi , w
i,g → λwi,g and
W i,g → λ−1W i,g.
However, since we are really looking for ZK-invariant global sections H
0(X, Ω̂chX )
ZK and
H0(X, Ω̂ch,gX )
ZK which correspond to operators in the chiral algebra of the half-twisted A-
model on the orbifold (S3 × S1)/ZK , we must further project onto the ZK-invariant subspace
of operators. Via the correspondence between the V v-Ww and the βγ-bc fields, together with
the action of ZK on the βγ-bc fields as elucidated in section 5.1, we find that the action of
ZK on the fields will be given by Vj → e
−2piiθjVj, v
j → e2piiθjvj, Wj → e
−2piiθjWj and
wj → e2piiθjwj, where θj = mj/K, and mj = 0, 1, 2, . . . , K − 1. Likewise, we will have
V gj → e
−2piiθjV gj , v
j,g → e2piiθjvj,g, W gj → e
−2piiθjW gj and w
j,g → e2piiθjwj,g.
One operator that possesses the above stated invariances is the stress-energy tensor:
Tzz ∼
∑
i
(Vi∂v
i +Wi∂w
i). (5.44)
Other operators that also possess the above stated invariances include:
Gzz ∼
∑
i
Wi∂v
i, Jz ∼
∑
i
Wiw
i, Qz ∼
∑
i
Viv
i. (5.45)
Thus, Tzz, Gzz, Jz and Qz belong in H
0(X, Ω̂chX )
ZK , and therefore correspond to operators in
the untwisted sector of the chiral algebra of the half-twisted A-model on (S3 × S1)/ZK .
Note that the corresponding operators in the twisted fields vi,g, wi,g, V gi and W
g
i given
by
T gzz ∼
∑
i
(V gi ∂v
i,g +W gi ∂w
i,g), Ggzz ∼
∑
i
W gi ∂v
i,g, (5.46)
and
J gz ∼
∑
i
W gi w
i,g + Fgz
−1, Qgz ∼
∑
i
V gi v
i,g, (5.47)
also possess the above stated invariances. (Once again, the term Fgz
−1 is added to Jz to
account for the shift in the fermionic charge of the twisted sector vacuum.) Hence, T gzz, G
g
zz,
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J gz and Q
g
z belong in H
0(X, Ω̂ch,gX )
ZK , and therefore correspond to operators in the twisted
sector of the chiral algebra of the half-twisted A-model on (S3 × S1)/ZK .
One can verify that the two sets of operators {Tzz,Gzz,Jz,Qz} and {T
g
zz,G
g
zz,J
g
z ,Q
g
z}
both generate a holomorphic (twisted) N = 2 superconformal OPE algebra, thereby reflect-
ing the anticipated (quantum) superconformal invariance of the underlying “non-massive”
model.
One can continue to make the following observation. In [10], it was shown that the
chiral algebra of the underlying half-twisted A-model on S3×S1 also contains the dimension
1 currents J ij = −(Vjv
i + Wjw
i), where i 6= j. In addition, these operators furnish a
GL(2) current algebra at level 0. However, note that the J ij ’s are not ZK-invariant. Hence,
J ij /∈ H
0(X, Ω̂chX )
ZK . Therefore, the J ij ’s are not operators in the chiral algebra of the half-
twisted A-model on the orbifold (S3×S1)/ZK. Thus, in contrast to the non-orbifold model,
the space of physical operators in the orbifold model does not furnish a GL(2) current
algebra at level 0, and therefore, according to the analysis of [13][10], the symmetry at the
level of its QR-cohomology will not be given by U(2).
17 On the other hand, it is easy to see
that the operator K = −1
2
(V1v
1 +W1w
1 + V2v
2 +W2w
2) satisfies the requisite invariances
stated above. Hence, it belongs in the chiral algebra of the orbifold model. This operator
can be easily shown to generate the current algebra, at level 0, of GL(1), the centre (at the
Lie algebra level) of GL(2) [10]. This implies that the symmetry at the level of the QR-
cohomology of the orbifold sigma model is abelian and given by U(1) instead. By replacing
the untwisted fields in the J ij and K operators by twisted ones, one can make the exact same
observation concerning the symmetry of the QR-cohomology in the twisted sectors.
Another pertinent observation that will allow us to make contact with the results in [1]
is the following. First, notice that c1(X) = 0 for X = S
3 × S1. Thus, via the state-operator
isomorphism, we find that the Hilbert space of untwisted and twisted states in the sigma
model on S3×S1, can be represented by the sum of all its QR-closed, local operators F and
F g. Therefore, the Hilbert space of all states in the orbifold sigma model on (S3 × S1)/ZK,
can be represented by the G-invariant subspace of all QR-closed, local operators, i.e., FG
and F gG. Next, note that the G-invariant subspace just corresponds to the set of physical
operators in the chiral algebra
⊕
g∈GA
g
G, where A
1
G = AG. Finally, note that for an abelian
group such as ZK , we have G = C(g). Hence, from the vector space expansion of AG and
AgG in section 4.2, the Hilbert space expression for an orbifold sigma model in (3.13) and
17Note that the symmetries of the underlying sigma model are readily complexified in the sheaf of CDR.
This means that if we have a GL(2) current algebra furnished by the sheaf of CDR, the symmetry at the
level of the QR-cohomology will be given by U(2).
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(3.14), and the identification of Â and Âg with Ω̂chX and Ω̂
ch,g
X respectively, we find that the
Hilbert space of all states in the half-twisted A-model on the orbifold (S3 ×S1)/ZK, can be
expressed as
H =
⊕
[g]∈T
⊕
g∈[g]
dimCX⊕
k=0
Hk(X, Ω̂ch,gX )
C(g), (5.48)
where T is the set of conjugacy classes in G, C(1) = G, and Ω̂ch,1X = Ω̂
ch
X . In this abelian case,
T is given by a single conjugacy class, which is the group ZK itself. Note that (5.48) coincides
with the conjectural space of states of an orbifold model as defined in the mathematical
literature [1].
Lastly, note that theQR-cohomology of the model on S
3×S1 does not receive worldsheet
instanton corrections. For any target space X , such corrections (because they are local on
the Riemann surface Σ, albeit global in X) come only from holomorphic curves in X of
genus zero. There is no such curve in S3 × S1.18 This means that our above analysis of the
chiral algebra or QR-cohomology of the half-twisted model on (S
3 × S1)/ZK is exact in the
full theory.
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